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ABSTRACT

CAVITATION AND PUNCTURE FOR MECHANICAL
MEASUREMENT OF SOFT SOLIDS
FEBRUARY 2015
SAMI MOHAMAD FAKHOURI
B.S., UNIVERSITY OF NORTH CAROLINA AT CHAPEL HILL
M.S., UNIVERSITY OF MASSACHUSETTS
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Alfred J. Crosby

Gels and other soft elastic networks are a ubiquitous and important class of
materials whose unique properties enable special behavior, but generally elude characterization due to the inherent diﬃculty in manipulating them. This work focuses
on understanding and utilizing large, local deformation and failure in soft solids for
characterization of the mechanical properties of otherwise inaccessible or nonmanipulable materials. Cavitation Rheology (CR), a pioneering mechanical measurement
technique in this regard, where local material failure is imposed and monitored at the
tip of a pressurized needle, serves a central role in this thesis. First, CR is used to
make in vivo biomechanical measurements. Following, is a detailed characterization
of the mechanics of needle insertion into soft solids, inspired by CR measurements.
The resulting analysis not only contributes to the fundamental understanding of soft
material failure, but also oﬀers a simple and precise method for making mechanical

vii

measurements of soft materials. Finally, this analysis is applied to understanding the
eﬀect the stress state surrounding an embedded needle on CR measurements.
First, we demonstrate the use of CR to make mechanical measurement of the
skin of rats and mice. Building on extensive proof of concept as a method for local
mechanical measurement in a variety of synthetic and biological materials, this work
represents two advancements in the application of CR. First, in vivo measurements in
the skin of radiation-treated mice represent the first use of CR in living tissue. Second,
measurement of healed incisional wounds relative to unwounded skin demonstrates
the ability of CR to quantify diﬀerences in the mechanical properties of aﬄicted
tissues. These two studies represent important milestones towards the clinical use of
CR.
Next, we address an important question relevant to the use of CR, that is, how
does a high-aspect-ratio-indenter (needle) puncture a soft solid? To answer this,
we investigate the mechanical response of model soft solids of varying composition
to deep indentation by indenters of diﬀerent radii and tip geometries. Further, we
examine the criteria for puncture failure in these systems over a wide range of size
scales, identifying a transition length separating two distinct failure regimes. The
resulting analysis yields a simple and useful protocol for the measurement of multiple
mechanical properties of soft solids, as well as provides new insight into the failure of
soft materials. Mechanical properties extracted from puncture experiments conducted
in a space covering two orders of magnitude in fracture energy and three orders of
magnitude in modulus are corroborated with independent measurement techniques,
confirming the robustness of the analysis.
Finally, the forces acting on a needle embedded in a soft material are quantified
and related to the mechanical properties of the material and the geometry of the
needle. These findings provide necessary understanding of the residual force on an
embedded needle at an arbitrary position of the insertion and withdrawal process.

viii

Residual forces on needles inserted to various depths are recorded and related to the
depth dependence of Cavitation Rheology measurements.
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CHAPTER 1
INTRODUCTION

1.1

Project Overview

Soft solids are a ubiquitous and important class of materials whose unique properties enable special mechanical behavior that generally eludes characterization due
to the inherent diﬃculty in manipulating them. In this thesis, “mechanical properties” refers to two material characteristics: deformation behavior, or, the relationship
between stress and strain in the material; and failure behavior, or, the conditions
under which a material can be made to tear or fracture. Measuring the mechanical
properties of soft solids is critical to many fields including biology, medicine, food
science, and adhesion. [1–3]. For example, the vast majority of biological tissue is
comprised of soft material, and many diseases result in a change in tissue mechanical response. [1, 4–6] Foods such as fruit, meat, and bread are soft materials whose
mechanical response during mastication can greatly influence palatability. [7, 8] Soft
solids are used extensively in adhesives for their ability to create intimate contact
between adhering objects, their mechanical properties being critical to adhesive performance. [3, 9]
Although the constitutive behavior of soft solids has been studied extensively,
[10–13] mechanical measurement of soft specimens can be challenging, and many fundamental questions remain. [14] One source of diﬃculty in measuring the mechanical
properties of soft materials stems from the requirement of precisely controlled geometries for most mechanical testing techniques. [15, 16] Such precision may be diﬃcult
or impossible for soft materials, which can deform under forces such as gravity and
1

surface tension, [17, 18] and whose initial dimensions may change drastically under
load due to the ability to undergo large deformations [19]. Further, a shift in the
molecular organization of soft materials at extreme deformations makes a complete
picture of the failure process diﬃcult, and many unanswered questions remain. [20]
This work aims to analyze and utilize large, local deformations and corresponding
failures of soft solids for characterization of the mechanical properties of otherwise
inaccessible or nonmanipulable materials. First, a recent technique, Cavitation Rheology, where local material failure is imposed and monitored at the tip of a pressurized
needle, is used to measure skin biomechanics in vivo (Chapter 2). Next, the mechanical response of model soft solids to deep indentation and ultimate puncture by
high-aspect-ratio indenters is quantified and analyzed, yielding a simple and useful
protocol for the measurement of multiple mechanical properties (Chapters 3 and 4).
Finally, the forces acting on a high aspect ratio cylinder (needle) embedded in a soft
material are quantified and related to the mechanical properties of the material and
the geometry of the indenter, and the implications for the depth dependence of the
Cavitation Rheology technique are examined (Chapter 5).

1.2

Soft Elastic Solids: Definition and Constitutive Relations

The term “soft matter” is used to describe a broad range of materials including polymer melts, gels, elastomers, surfactants, colloids, liquid crystals, foams, and
granular materials, among others. [21, 22] The plethora of its constituents mirrors
the multitude of its definitions. That is, soft materials are those that simultaneously
possess physical properties of both solids and liquids, where these properties may
manifest in a number of ways. For example, on the molecular scale fluids lack the
long-range order of crystalline solids due to molecular kinetic energy on the order of
their thermal energy, whereas for solids it is significantly less. [23] Macroscopically,
fluid behavior is characterized by large, nonlinear, and non-equilibrium responses
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(flow), while solids exhibit elastic, equilibrium deformation. [24] The soft materials of
interest to this thesis, polymer networks, possess liquid-like disorder on the molecular
level, while on the macroscopic level exhibiting elastic mechanical response characterized by large deformations at small applied loads and a nonlinear relationship between
stress and strain. Physical origins and mathematical descriptions of this behavior are
discussed below.
The resistive force to deformation in solid materials is related to the change in free
energy of the material on deformation. [11, 13] In most elastic solids, the free energy
change is the result of increased internal energy due to perturbation of the constituent
atoms or molecules from their equilibrium spacing. In soft elastic networks, no such
equilibrium molecular spacing exists. Polymer networks are comprised of many long
molecular chains joined together in an infinite mesh by sparsely distributed junction
points, or cross-links. [12, 13] As the intermolecular interactions are weak relative to
the molecular kinetic energy, the polymer chains behave as liquid with the exception
of the constraints imposed by cross-links and entanglements with other chains. [13] In
this way, molecular bonds along the chain segments in between points of constraint
are able to explore multiple conformations. It is the free energy associated with this
conformational entropy that provides the elastic restoring force in these systems.
The free energy, F , due to entropy of a single polymer chain spanning two cross� is
links separated by the vector R

F =

�2
3kT R
� 2�
2�R

(1.1)

� 2 � is the end
where k is the Botlzmann constant, T is the absolute temperature, and �R
to end vector of the chain in a melt. [13] Upon imposition of an aﬃne deformation,
� are transformed by the principal stretches λ1 , λ2 , and
the components of the vector R
λ3 , such that the change in total free energy is
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∆F =

�
�
� 12 (λ1 − 1) + R
� 22 (λ2 − 1) + R
� 32 (λ3 − 1)
3nkT R
� 2�
2�R

(1.2)

where n is the total number of polymer chains in the system. Assuming that the
� 2 =�R
� 2 �, and
network was formed in the melt state, R
∆F =

�
3nkT � 2
λ1 + λ22 + λ23 − 3
2

(1.3)

The form of Equation 1.3 is that of a material constant multiplied by the deviation in
the first invariant of the left Cauchy-Green deformation tenser from its undeformed
value. This served as inspiration for Rivlin who sought a general phenomenological
model to serve as a basis for the mathematical description of stress-strain relationships for large elastic deformations. [10] Together with Mooney, Rivlin proposed the
hyperelastic model which connects the strain energy density, W = ∆F , to the deformation gradient by a power series in the strain invariants I1 = λ21 + λ22 + λ23 , and
I2 = λ21 λ22 + λ22 λ23 + λ21 λ23 : [11]

W =

n
�

ij=0

Cij (I1 − 3)i (I2 − 3)j

(1.4)

Equation 1.3 is the special case of Equation 1.4 where n = 1 and C01 = C11 = 0
which Rivlin termed the Neo-Hookean model. It is the primary model of soft solids
used in this thesis.

1.3

Soft Elastic Solids: Failure

As discussed in the previous section, elasticity in soft networks arises primarily
from bond conformational entropy rather than distortion of molecular bonds. However, failure by necessity involves the stretching and rupture of these bonds. This
incongruity gives rise to unique failure behavior in soft networks characterized by
4

strength that is disproportionate to the modulus. [20] In this section, we provide a
brief introduction to fracture mechanics with specific attention to treatment of soft
material failure and the strength of soft elastic networks.
1.3.1

Griﬃth Fracture: Energy Criterion

The foundation of fracture mechanics is rooted in the pioneering work of Griﬃth
in 1920. [15] Prediction of the propagation of a crack or defect in a solid material
under load presents diﬃculty for analysis by continuum mechanics. Specifically, a
continuum description of an opening crack requires that it be perfectly sharp at its
end, as a discrete transition between cracked and un-cracked material is not allowed.
This results in a stress at the crack tip that is infinite for any nonzero applied load,
predicting immediate catastrophic failure of a flawed body under any set of loading
conditions, a result that contradicts common experience. [25]

Figure 1.1: (a) General schematic of mode I crack with an infinitely sharp crack tip.
The cartesian coordinate axes depict the convention used in this thesis. (b) Schematic
of Baranblatt crack closing to a smooth cusp at its tip, illustrating cohesive tractions.

Griﬃth was able to avoid this paradox by treating crack growth as a thermodynamic process whereby an energy criterion for failure could be developed. [25]. He
proposed that in the same way surface forces deform an elastic body to a new equilibrium state corresponding to reduced total free energy of the system, so too may
the body rupture, if such an action is achieved via continuous decrease in free energy.
5

Griﬃth noted that crack formation is associated with an increase in surface energy
of the system, and that the work to create new surface must be provided by strain
energy in the system or by an applied load at the expense of the potential energy
of the system. The resulting energy balance serves as the basis for modern fracture
mechanics. [15]
An expression for the total energy of the system, U , can be written as follows:

U = −(WL + UE ) + US

(1.5)

During crack propagation, the strain energy of the elastic body, UE , decreases as
the tractions bridging the crack plane are released. The free energy of the system is
further reduced by an amount equal to the work, WL , associated with displacement
of the outer boundary of the cracked body. The surface energy, US is increased by
an amount 2γA where γ is the surface energy of the material, and A is the increase
in crack area. The crack is in thermodynamic equilibrium when the change in free
energy of the system, ∂U , due to an infinitesimal change in crack area, ∂A, is zero.
From this, we can develop the failure criterion:

2γ =

∂WL ∂UE
+
∂A
∂A

(1.6)

That is, the crack will propagate if the energy released per area is equal to the surface
energy of the newly created crack faces.
The two terms on the right side of Equation 1.6 together comprise the energy release rate, G. Irwin developed a method to calculate the energy available for fracture,
G, for a crack under a given load based on the stress state surrounding the crack.
This method, deemed Linear Elastic Fracture Mechanics (LEFM), follows the linear
elastic analysis of Muskhelishvili and Westergaard, from which Irwin arrived at an
expression for the stress in the vicinity of crack tip. [26] The normal stress, σyy , as a
6

function of the distance away from the crack tip along the crack plane, x, (Fig. 1.1a)
is
K1
σyy = √
2πx

(1.7)

where K1 is the mode I stress intensity factor:
√
K1 = σ∞ πa

(1.8)

σ∞ is the remote applied load, and a is the size of the crack. [15] Mode I specifies
a plane crack in an infinite solid loaded perpendicularly to the crack plane. This
analysis, despite producing the characteristic crack tip singularity, allowed Irwin to
specify a critical stress intensity factor for failure, K1c , from which he determined a
critical strain energy release rate, or fracture energy

Gc =

2
K1c
E

(1.9)

In this way, the conditions for failure can be predicted from the size of the crack
and the remote loading when combined with equations 1.7 and 1.8. [16] The failure
condition of Equation 1.6, Gc = 2γ, represents the ideal case of a purely linear elastic
brittle solid containing a crack of fixed dimensions at its growing tips. [25]. Factors
such as nonlinear material responses and dissipative processes including blunting,
crazing, and plasticity at the crack tip can increase the energy associated with crack
extension of real systems. In practice, Gc , includes the total energy dissipated per
unit area of crack created upon failure, and is taken to be a material constant specific
to the crack geometry and loading conditions.
1.3.2

Barenblatt Cohesive Zone Model: Stress Criterion

Griﬃth acknowledged that key assumptions about the shape of equilibrium cracks
were necessary to develop his model, stating “the theorem of minimum energy can7

not be applied unless the law connecting surface energy with distance of separation
is known.” [25] Barenblatt developed the Cohesive Zone Model (CZM) in order to
describe the form of crack tips, and to characterize their resistance to opening in order
to arrive at an equilibrium description of crack propagation in brittle materials. [27]
A crack is assumed to close to a smooth cusp at it’s tip, where the distance between
the crack faces is on the order of the equilibrium molecular spacing of the lattice (Fig.
1.1b). In this region, the cohesive zone, the attractive potential between atoms on the
crack faces constitute cohesive forces, g(t) resisting crack opening. The contribution
of these cohesive forces, K1� , to the stress intensity factor, K1 , can be calculated by
summation along the crack tip contour according to the superposition principle of
linear elastic mechanics: [16]
K1�

=

�

0
−d

g(t)
√
x

(1.10)

where d is the size of the cohesive zone. [27]
Barenblatt assumed that the crack tip opens in such a way that −K1� (σ∞ ) =
K1 (σ∞ ), thus eliminating the singularity at the tip. Eventually, however, the crack
tip reaches a critical opening displacement corresponding to the maximum possible
�
contribution from the cohesive forces, K1c
. Any further increase in loading results
�
in creation of new crack surface such that −K1 (σ∞ ) = K1c
(σ∞ ) is preserved. The

crack grows in either a stable or unstable manner depending on the evolution of the
opening forces with propagation. This conjectures a physical basis for Irwin’s K1c
based on a finite force balance at the crack tip. Irwin’s energy balance is recovered
from CZM by assuming a constant geometry of the crack tip during propagation. In
this way, the energy released, Gc , represents the work required to pull a diﬀerential
area of crack surfaces from their equilibrium spacing to completely separated against
cohesive forces.
Although CZM employs the same assumptions and yields an identical result to
the energy approach of Griﬃth and Irwin for brittle materials, its greatest utility is in
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forming the basis for modern understanding of the fracture energies of nonlinear and
dissipative systems. Specifically, CZM lead to the development of the concept of a
Fracture Process Zone (FPZ) at the crack tip wherein under steady state propagation
the dissipative work is constant. [26] The fracture energy is then the work required
to make new volume of FPZ to replace that destroyed by crack propagation, or, since
this work is constant, the energy per area stored in the FPZ at failure. The utility of
the FPZ in understanding the failure of soft materials is discussed below.
1.3.3

Strength of Highly Elastic Solids

Pioneering work on the failure of soft solids was carried out by Rivlin and Thomas
in 1953 on the rupture of vulcanized rubber. [28] Unable to determine the stress
distribution by LEFM due to the nonlinear nature of rubber, Rivlin and Thomas
instead sought a critical energy for catastrophic failure of rubber specimens containing
cracks of prescribed length. This tearing energy, T , (equivalent to Gc ) was determined
empirically under fixed displacement conditions by loading notched rubber samples
quasistatically until failure. Despite behaving elastically until the point of failure,
the tearing energies observed were many times larger than the estimated surface
energies of the materials used. [29] The physical basis for this phenomenon is rooted
in the contrariety outlined in the preamble to this section, that failure in soft elastic
networks requires a departure from their continuum elastic response. This shift in
material behavior occurs in a finite region surrounding the growing crack and can
therefore be modeled as an FPZ. [3, 19, 29]
Lake and Thomas proposed a molecular description of the FPZ in soft elastic
networks. [29] They considered the crack tip to be comprised of fully extended polymer
chains, thereby having a minimum diameter, D, on the order of the distance between
cross-links, L (Fig. 1.2a). Crack propagation therefore requires scission of all chains
bridging the crack plane, and dissipation of the energy stored within each. Due to the
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Figure 1.2: (a) Schematic of Lake-Thomas model of the crack tip, illustrating fully
extended polymer chains between cross-links. (b) Schematic of elastic crack blunting
illustrating blunted region containing fully extended polymer chains.

fact that the chains are fully extended prior to rupture, the energy in each bond is
approximately equal, and therefore the energy released, Gc , takes the form Gc ∼ ρN U
where ρ is the areal density of chains, N is the number of bonds between cross-links
or entanglements, and U is the energy stored in each bond.
Hui and Jagota demonstrated that the FPZ can be many orders of magnitude
larger than the molecular dimensions due to elastic blunting of the loaded crack. [19]
Considering the crack to have the shape of an ellipse with major and minor axes, a,
and b (Fig. 1.2b), respectively, the maximum stress, σmax , occurs at x = a and has
the form
σmax =

2σ∞ a
b

(1.11)

Failure occurs when σmax reaches the maximum cohesive stress of the material, σ0 .
However, in soft materials, deformation of the ellipse due to the remote stress, σ∞ ,
is non-neglible. For a biaxial stress state, increasing σ∞ results in a decrease of the
ratio a/b, which serves to mitigate its increase in σmax . Analysis of the evolution
of the shape of the ellipse with remote stress showed that for σ0 > 2E, significant
shape change occurs before σmax = σ0 . In other words, in a material whose cohesive
stress exceeds its modulus, elastic blunting serves to distribute crack tip stress. The

10

diminished stress concentrating ability of the system results in the development of
a large FPZ wherein the polymer chains can be considered to be fully extended in
analogy to the analysis of Lake and Thomas. The size of the FPZ at failure, δc , is a
material property for a given crack geometry, and therefore, the critical energy release
rate is simply Gc = δc σ0 .

1.4

Thesis Organization

In Chapter 2, we demonstrate the use of a recent technique, Cavitation Rheology
(CR), to make mechanical measurement of the skin of rats and mice. Building on
extensive proof of concept as a method for local mechanical measurement in a variety
of synthetic and biological materials, this work represents two advancements in the
application of CR. First, in vivo measurements in the skin of radiation-treated mice
represent the first use of CR in living tissue. Second, measurement of healed incisional
wounds relative to unwounded skin demonstrates the ability of CR to quantify differences in the mechanical properties of aﬄicted tissues. These two studies represent
important milestones towards the clinical use of CR.
Chapter 3 addresses an important question relevant to the use of CR, which
involves imposition of local material failure at the tip of a needle embedded in the
material of interest. That is, how does a high-aspect-ratio-indenter (needle) puncture
a soft solid? To answer this, we investigate the mechanical response of model soft
solids of varying composition to deep indentation by indenters of diﬀerent radii and
tip geometries. Further, we examine the criteria for puncture failure in these systems
over a wide range of size scales, identifying a transition length separating two distinct
failure regimes. The resulting analysis yields a simple and useful protocol for the
measurement of multiple mechanical properties of soft solids, as well as provides new
insight into the failure of soft materials.
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Chapter 4 examines the ability of the analyses put forth in Chapter 3 to describe
materials with a large range of mechanical properties. A materials system allowing
for the independent tuning of modulus and fracture energy is employed. Mechanical
properties extracted from puncture experiments conducted in a space covering two
orders of magnitude in fracture energy and three orders of magnitude in modulus
are corroborated with independent measurement techniques. The findings prove the
important result from Chapter 3 that puncture failure depends solely on the fracture
energy of the material and does not depend on the modulus.
In Chapter 5, the forces acting on a needle embedded in a soft material are quantified and related to the mechanical properties of the material and the geometry of
the needle. These findings provide necessary understanding of the residual force on
an embedded needle at an arbitrary position of the insertion and withdrawal process.
Residual forces on needles inserted to various depths are recorded and related to the
depth dependence of Cavitation Rheology measurements.
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CHAPTER 2
IN VIVO MECHANICAL MEASUREMENT BY
CAVITATION RHEOLOGY

2.1

Introduction

The mechanical responses of tissues are not only critical to their function but
also indicative of the onset and development of disease. [4, 5] For example, the diﬀerence in elastic modulus between relaxed muscle tissue and contracted muscle tissue
is the same as that between normal breast tissue and breast tumor: about two orders of magnitude. [6] For centuries, palpation served as the primary technique for
the diagnosis and monitoring of diseases associated with changes in the mechanical
properties of tissues. Palpation has since been supplemented by techniques such as
Ultrasonography, X-Ray Computed Tomography, and Magnetic Resonance Imaging,
which have the ability to provide tomographic images of biological tissues in a noninvasive manner. However, contrast in these techniques is derived from secondary
sources; not directly from the mechanical properties of the tissue, which oﬀer the
largest available numerical range. [30] For these reasons, many forms of elastographic
imaging techniques have been developed in order to provide tomograms of tissue
elasticity for disease detection. [30–34] Elastography involves “excitation” of tissue
either by static methods such as mechanical compression, or dynamically by radiation or ultrasound. The strain associated with the imposed stress is detected by
separate ultrasound, acoustic or magnetic resonance signals. Modulus information is
then elicited mathematically via known equations of elasticity. Due to the non-trivial
nature of these calculations and the inherent assumptions required, elastography is
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generally considered a qualitative measure of elasticity. [32] In addition, the simplicity
and economy of palpation has cemented its use as the primary screening technique,
as well as intraoperative technique, for identifying diseased tissue. [32] There remains
need for a simple, cost eﬀective technique for making quantitative measurement of
the mechanical properties of tissues both for medical diagnostics and fundamental
studies.

2.2

Background

Localized mechanical probes are one solution for measuring spatially-variable and
length scale-dependent properties of soft materials. Microbead rheology accomplishes
this through the perturbation and observation of an embedded probe particle; however, this technique is limited by the requirement of material transparency as well
as a lack of control of particle placement. A recently developed technique, Cavitation Rheology (CR), provides a means of measuring the mechanical properties of
soft materials on length scales from ∼ 0.1 µm to mm at a specific location without
requiring observation of the deformation. [14] CR takes advantage of a well-known
phenomenon, cavitation, which has been studied extensively over the last century in
both liquids and elastomeric materials. [35–38] Cavitation is the rapid expansion of
a void in a material subjected to a critical stress. For a closed system of finite volume, this expansion produces a drop in pressure, allowing experimenters to merely
record the peak, or critical, pressure value for cavitation in order to characterize the
mechanical properties of a material.
2.2.1

Cavitation of a Spherical Void

The mechanics governing a spherical void in an elastic medium [36,38,39] provide
a guide to interpreting and understanding the mechanism of CR. The deformation
of a spherical void subjected to an internal pressure is resisted by two forces: the
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elastic restoring force of the surrounding medium and the surface tension between
the pressurizing medium in the void and the elastic medium. Therefore, the work of
pressurization, dWp , is balanced by the change in elastic energy, dUE , and the change
in surface energy, dUS : dWp = dUE + dUS .

Figure 2.1: Schematic of a spherical void of initial radius, A, and deformed radius, a,
within an infinite solid.

For a spherical void of initial radius, A, in an elastic medium described by a
Neo-Hookean strain energy function, W = E/6(2λ2 + λ−4 − 3), the pressure-growth
relationship is
p=E

�

�
5 2 −1 1 −4
− λ − λ
,
6 3
6

(2.1)

where E is the small-strain Young’s modulus of the material, and λ = r/R is the
expansion ratio (or stretch) of the cavity with r being the deformed cavity radius
[35,37] (Figure 2.1). As shown in the plot of Equation (2.1) in Figure 2.2, the pressure
asymptotes at a value of 5/6E resulting in an eﬀective instability in the system.
Experiments confirming this behavior have been performed by Gent and co-workers
[35,37,40–42] for natural rubber elastomers. The pressure-growth contribution due to
the surface tension, γ, may be obtained via the Laplace equation, pLaplace = 2γ/r =
15

Figure 2.2: Pressure-stretch relation for the growth of a void in a Neo-Hookian solid
as given by Equation (2.1).

2γ/Rλ−1 .

The mechanical response may then be described by superposition of the

pressure in Equation (2.1) and the Laplace pressure:
p
γ −1
=2
λ +
E
ER

�

�
5 2 −1 1 −4
− λ − λ
.
6 3
6

(2.2)

Zhu, et al. utilized this spherical geometry to investigate the nature of the observed
instability in CR. [43] They predicted unstable, snap-though expansion of a spherical
void for certain ranges of governing variables, i.e. E, R, and γ, and found that surface
tension was particularly crucial in order for this instability to occur in an idealized
CR-like setup.
2.2.2

CR Methods and Mechanics

In the case of Cavitation Rheology, the initial void is created by insertion of
a needle into the test material. As shown in Figure 2.3, a stress is imposed by
pressurizing the injection medium within the needle. The pressure in the system is
monitored in order to record the critical pressure. In a typical CR experiment, the
16
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Figure 2.3: Schematic of the Cavitation Rheology instrument.

pressure is increased by reducing the total volume of the system via compression of a
syringe pump. The total volume, V , available to the injection medium then changes
in time, t, as
V = V 0 − vp t + V C ,

(2.3)

where V0 is the initial volume of the system, vp is the pump compression rate, and VC
is the volume of the cap that forms at the tip of the needle. In the case of gaseous
injection medium, an expression for the change in pressure, P , in the system as a
function of time can be written by evoking the ideal gas law:

p/p0 = (1 − vp t/V0 + VC (t)/V0 )−1 − 1,

(2.4)

where p0 is the initial pressure in the system. [14] In the limit of relatively small
changes in V over the course of an experiment, p, is linear in time as shown by the
representative dataset in Figure 2.4. It is not necessary to use a gaseous injection
medium; in fact, cavitation events have been observed by CR using water [44], which is
approximately incompressible. Assuming that the growth of the spherical cap can be
17

Figure 2.4: (right) A typical pressure versus time curve for a CR experiment illustrating the linear dependence of p on t and the discrete pressure drop following cavitation
at pc . (right) Four optical micrographs taken during a CR experiment (camera speed,
30 fps). Each image corresponds to a numbered point in the pressure-time data. Data
was acquired in a 0.7 wt% PMMA-PnBA-PMMA triblock in 2-ethylhexanol at 20◦ C.
The injection medium was a small but finite volume of air.

approximated by the deformation of a spherical void, the cap should become infinite
as the pressure approaches a critical value according to Equation 2.1. Since the CR
system is injection-molecule controlled, rather than pressure or volume controlled,
a discrete drop in pressure is observed due to the rapid volume expansion upon
cavitation. (This behavior is consistent with experiment as seen in Figure (2.4).) The
discontinuity in the pressure-time response of the system marks the critical pressure,
pc .
Kundu and Crosby used a spherical cap approximation of the deformation at the
needle tip and predicted a pressure peak for increasing expansion ratio. [45] They
found that for an elastic event, pc is directly related to the modulus of the solid by a
‘cavitation equation’
p c ∼ kl

γ
+ ke E.
rn
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(2.5)

The first term of this equation can be shown to arise through a scaling analysis of
the Laplace contribution of Equation (2.2) where kl is 2 and rn is the needle radius.
The elastic term comes from the asymptote of the second term of Equation (2.2).
The constant kc is dictated by the specific strain energy function used to describe
the deforming solid, e.g., 5/6 in the case of a Neo-Hookean function. The value of
kc has been shown to change by no more than a factor of 2 for a wide variety of
strain energy functions. [46] Further, Hutchens and Crosby confirmed Equation 2.5
for the deformation of an elastic solid at the tip of an embedded needle through Finite
Element Analysis, arriving at values for kl andke of 1.05 and 2.1, respectively. [47]

2.3

Motivation and Goals

Much of the power of Cavitation Rheology, i.e., its ability to non-destructively
measure mechanical properties at a specific point on a variety of length scales, lies in
its application to the study of biological tissues. However, it has yet to be demonstrated as a viable technique for study of tissue in vivo. Skin oﬀers an ideal medium
for in vivo study due to its accessibility and clinical relevance. It is estimated that
3.5 million cases of skin cancer were diagnosed in the United States in 2006, each of
them requiring a costly and invasive biopsy. [48] It is known that the elastic moduli of many forms of carcinoma are significantly higher than those of normal tissue,
suggesting that CR could serve as an economical alternative screening technique. [30]
The goal of this work is to demonstrate the ability of CR to measure diﬀerences in the
mechanical properties of healthy and aﬄicted skin in vivo. Two assays were chosen
for this study, to be conducted in collaboration with researchers at the University
of Massachusetts Medical School, Division of Plastic Surgery: 1) radiation-induced
fibrosis measured in the skin of live mice, and 2) healed incisional wounds measured
in the skin of rats post-mortem.
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2.3.1

Fibrosis

Fibrosis is the formation of collagen and other fibrous proteins responsible for
the mechanical properties of connective tissue. [49, 50] However, the term is often
used in reference to redundancy in this process resulting from injury or disease. As
such, fibrosis is an unwanted side-eﬀect of radiation treatment for cancers of the
head and neck associated with a stiﬀening of the aﬄicted tissue. [51, 52] Diagnosis is
most often made by palpation of stiﬀened tissue, a method hindered by its inherent
subjectivity. Therefore, researchers have proposed various methods for making quantitative measurement of the elastic response of tissues for identifying and monitoring
fibrosis. [51, 52] Cavitation Rheology oﬀers a simple, cost eﬀective method for such
quantitative analysis.
2.3.2

Wound Healing

Biomechanical analysis is critical to the study of wound healing. [53] In most cases,
healing is quantified by the tensile strength, or the maximum force per area needed to
reopen the wound. [53–55] As the wound heals, its tensile strength approaches that of
unwounded skin, eventually plateauing at about 80%. [56] Often, skin must be excised
and measured ex vivo in order to obtain the tensile strength. Even cases where tensile
strength has been studied in vivo involve disruption of the wound, preventing further
study of healing. CR allows for the measurement of the materials properties of a
healing wound in vivo, on a well-defined length scale. Further, needles as small as
35 gauge (∼30 micron inner radius) can be used in order to reduce the scale of the
experiment, and consequently, the extent of the damage. This makes possible multiple
measurements on a single incision, allowing for the spatial or temporal tracking of
healing in a single wound.
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Figure 2.5: Modified Cavitation Rheology setup for in vivo studies.

2.4

Experimental Approach and Results

This work was conducted in collaboration with researchers at the University of
Massachusetts Medical School Division of Plastic Surgery in the laboratories of Dr.
Janice Lalikos, M.D. and Dr. John E. Harris, M.D. All animal care and handling was
carried out under the Institutional Animal Care and use Committee Guidelines of the
University of Massachusetts Medical School by Brian Freniere, B.S.; Michael Chin,
M.D.; and Ron Ignotz, Ph.D. The Cavitation Rheology instrument was provided
by the University of Massachusetts Polymer Science and Engineering Department.
Needle placements for CR measurements were made by Brian Freniere or Dr. Michael
Chin, while the instrument was operated remotely by Sami Fakhouri.
2.4.1

Fibrosis

Nineteen 8-week-old male SKH1-E hairless, immunocompetent, and amelanotic
mice were used (Charles River Laboratories, Wilmington, Massachusetts). A circular
area of 9 mm diameter was outlined with tattoo marks on the right flanks of each
mouse in order to identify the site of irradiation. Mice were exposed to a beta-
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Figure 2.6: (a) Critical pressures for irradiated and control skin by mouse number.
(b) Box and whisker plot showing statistical distributions of critical pressures for
irradiated and control skin.

radiation dose using a 13-mm-diameter strontium-90 source (GE Healthcare, Little
Chalfont, United Kingdom) following a previously published protocol. [57] Mice were
anesthetized using a mixture of ketamine and xylazine prior to radiation treatments
and CR measurements. For each CR measurement, normal saline was injected at a
rate of 0.1ml/min via a 34 gauge beveled needle until a pressure drop was observed.
One or two CR measurements were made each in the irradiated skin and in the control
skin in the same location on the opposite (left) flank of the mice. CR was performed
with a modified experimental setup (Figure 2.5) fitted with a 34 Ga beveled needle.
Normal saline was used as the injection medium for biocompatibility. Figure 2.6 shows
the critical pressures recorded in all nineteen mice for both irradiated and control skin.
No statistical diﬀerence was observed between treated and untreated skin. Further,
the modulus estimated by Equation 2.5, 17 kPa, is much less than literature values
of between 5 and 14 MPa. [58, 59] This is believed to be the result of diﬃculty in
placing the needle, having a diameter of 100 µm, precisely within the mouse dermis
having a thickness on the order of 200-500 µm. Passage of the needle through the
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Figure 2.7: (a) Critical pressures for incisional and unwounded skin. (b) Relative
errors for CR and literature methods in vivo [53] and ex vivo. [55]

dermis and into the subcutaneous fatty tissue, which possesses a significantly lesser
modulus, could explain the low critical pressures observed. [6] This explanation also
accounts for the lack of eﬀect of irradiation, which would not reach the subcutaneous
tissue.
2.4.2

Wound Healing

Female Sprague-Dawley rats with an average weight of 300 g were used in this
study. Rats were anesthetized using isoflurane and, under sterile conditions, a 5
cm full-thickness incision was made with a #15 blade in the dorsal midline. The
incision edges were reapproximated and closed with a running subcuticular suture
(4-0 Monocryl, Ethicon). Rats were returned to their cages and recovered. Twentyeight days following incisional wounding, rats were euthanized. The dorsal skin was
harvested en bloc immediately following sacrifice. Samples were placed on a hard
surface and all cavitation experiments were carried out within 2.5 hours of sacrifice.
Cavitation was performed with a modified experimental setup (Figure 2.5). Critical pressures were recorded at multiple locations in each incision (incisional), as well
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as in the normal (unwounded) skin approximately 1cm from the incision. Normal
skin yielded at an average pressure of 78 kPa, while incisional skin yielded at 72 kPa
(Figure 2.7(a)). This is congruent with our expectation that wounded skin would
not regain its full strength. To further evaluate the viability of CR for the study
of the mechanical properties of skin, relative errors for CR and two other literature
techniques are plotted in Figure 2.7(b). The error associated with CR is least of the
three. This, coupled with the aforementioned advantages of CR make it a powerful
technique for the study of wound healing.

2.5

Conclusions

Two assays involving aﬄicted and normal animal skin were characterized by Cavitation Reology: 1) radiation-induced fibrosis measured in the skin of live mice, and
2) healed incisional wounds measured in the skin of rats post-mortem. CR measurements in irradiated mouse skin showed no statistical diﬀerence from that of normal
skin. However, despite the null result, this work demonstrates the first in vivo use
of CR. Critical pressures were able to be recorded using normal saline as the injection medium for biocompatibility, and the mice experienced no ill-eﬀects of the
associated injections. CR measurements in healed incisional wounds demonstrated
an approximate 80% reduction in critical pressure compared to normal skin. This is
consistent with diminished mechanical properties reported in literature. The error
associated with CR measurements of skin biomechanics proved to be significantly
less than other reported in vivo and ex vivo techniques. The ability of CR to make
local biomechanical measurement with minimal damage and superior precision to
comparable techniques bodes well for its use as a clinical diagnostic technique.
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CHAPTER 3
PUNCTURE MECHANICS OF SOFT SOLIDS

3.1

Introduction

Penetration of soft materials by acicular objects bears relevance to many fields
including bite mechanics, design of protective equipment, percutaneous drug delivery,
and surgical instrumentation and technique; however, understanding of the resisting
forces to such punctures has remained largely empirical to date. [60–66] Figure 3.1
demonstrates the astounding ability of soft materials to resist puncture. A glass
bead at the tip of a needle indents a hydrogel to great depth without breaking the
surface. The resulting stresses are so severe that they are able to be visualized under
cross-polarized light despite the fact that the gel consists of only 4 percent by weight
polymer. In fact, we find that indentation depths and nominal stresses associated
with puncture reach two orders of magnitude larger than the indenter radius and
material modulus, respectively.
The source of diﬃculty in predicting puncture failure of soft materials is two-fold.
The first arises from the relative strength of highly elastic networks in comparison
to their modulus. In such highly compliant systems failure is preceded by finite
strains exceeding the limits of linear elasticity. [19, 28, 29] Indeed, the surfaces of soft
materials have been shown to be stable to large local deformations, [17, 67–69] and
as such, are diﬃcult to cut or tear by simple normal force. [70–72] These being the
precise conditions for puncture gives rise to the second challenge: the application of
load directly to the point of failure in the absence of an initial defect defies treatment
by Linear Elastic Fracture Mechanics (LEFM). [15] That is, the conditions for failure
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Figure 3.1: Deformation in a 4w% Poly(acrylamide) hydrogel contacted by a
spherically-tipped indenter, pre-puncture.(I-III) Video captures of inendation at
250µms−1 . (IV) Visualization of stress-induced birefringence by cross-polarized light.
The indenter was held at fixed depth for one hour while photographs were taken
with multiple apertures and exposure times. High Dynamic Range was achieved by
combining 5 photographs (DPHDR software, MediaChance).

must be determined without making assumptions regarding the crack geometry or
the path of propagation.
Cohesive zone models (CZM) have been employed to address both the aforementioned challenges; namely, to approximate stress states of nonlinear materials at
failure, and to predict failure of materials with blunted or no defects. [73] Barenblatt
defined a region, the cohesive zone, within which the attractive potentials between
molecules on crack faces provides cohesive forces resisting crack opening; the summation of which constitute a “modulus of cohesion” indicating a critical stress at the
crack tip above which the crack will propagate. [27] Hillerborg later expanded this
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approach to include not only crack propagation, but also the nucleation of a crack at
any arbitrary location where such a stress is achieved. [74]
The CZM approach to fracture initiation, i.e. critical stress, has lead to the development of Fracture Process Zone (FPZ) models, which provide a physical description
of energy dissipation in systems experiencing nonlinear processes during frailure. The
FPZ represents the volume of material wherein under steady state crack propagation
the dissipative work is constant. [26] In this way, the critical stress approach of CZM
is related to the critical energy approach of Griﬃth [15] by the size of the FPZ as

Gc = σ 0 ∗ l

(3.1)

where Gc is the critical strain energy release rate, σ0 is the maximum cohesive stress
of the material and l is the representative size of the FPZ. [19] It follows, then, that
predicting fracture behavior requires knowledge a priori of at least two of the three
variables of equation 3.1. In most analyses, l and σ0 are taken to be a material
constants, thus creating an equivalence between stress and energy descriptions of
failure. Lake and Thomas took l to be the end-to-end distance between cross-links in
order to account for the discrepancy in the observed fracture energies and intrinsic
bond strengths of elastic networks. [29] Similarly, Hui and Jagota developed criteria
for the elastic blunting of cracks in order to account for the strength of elastic networks
where l becomes the opening displacement of the stretched crack. [19] However, the
dependence of the fracture energy on the size of the FPZ has yet to be demonstrated
by controlling the latter as the independent variable.
This chapter analyzes the mechanical response of soft materials to deep indentation by high aspect ratio indenters, with particular interest in the critical load for
puncture, Pc , the load at which the needle breaks through the surface of the material.
The relationship between applied displacement and resulting force is quantified and
understood for small and large strains with two indenter tip geometries, spherical
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and flat, for several elastomer formulations. This analysis, combined with the application of FPZ, leads to understanding of Pc in terms of materials properties and
indenter geometry. We find that the average puncture stress, which can be several
orders of magnitude greater than the material’s elastic modulus, is defined by a mechanism that transitions from an energy-based criterion to a stress-based criterion as
a function of indenter length scale. The findings have profound implications for the
characterization of soft materials, and even more importantly, the design criteria for
applications involving soft materials at a wide range of length scales.

3.2
3.2.1

Experimental
Materials

Acrylic triblock copolymer gels were chosen as primary model soft materials
due to their elasticity at large strain and thermoreversible gel transition. [9, 75] ABA
copolymers of poly(methyl methacrylate) end blocks (PMMA) and poly(n-butyl acrykg
kg
late) mid block (PnBA) with molecular weights of 25 mol
and 116 mol
(A25 B116 A25 ), re-

spectively, were acquired from Kuraray Co. and used as received. Gels were formed by
dissolving polymer at 10, 15, 20, 25, 30, and 40% by weight in 2-ethylhexanol at 150◦ C
and then cooling to room temperature, 25◦ C; the same thermal treatment was applied in between puncture experiments to erase damage history. Poly(acrylamide)
hydrogels were prepared from 30:1 acrylamide/bisacrylamide stock solution from
Bio-Rad Laboratories, Inc. at 4 w% polymer, with ammonium persulfate initiator and tetramethylethylenediamine (TEMED) catalyst. Poly(dimethyl siloxane)
R
elastomer (PDMS) was prepared from a Sylgard�
184 kit obtained from KR An-

derson Co. A 40:1 ratio of prepolymer to curing agent was used. Poly(urethane)
elastomer was prepared from BJB Enterprises PC-12 A/B elastomer kit as directed.
Puncture experiments were performed in A25 B116 A25 gels unless otherwise specified.
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Figure 3.2: (a) Schematic of puncture apparatus and representative program for
indenter displacement. Zoom-in establishes key definitions: radius, R, depth, d, and
load, P . (b) Representative force profile for 20w% A25 B116 A25 gel punctured with an
R = 283µm flat punch indenter indicating critical load for puncture, Pc , and critical
depth for puncture, dc .

3.2.2
3.2.2.1

Methods
Puncture

Puncture experiments were carried out on a custom apparatus consisting of a
Burleigh Instruments EXFO IW-820 Nanopositioner and Inchworm 8200 controller.
A custom load cell was used consisting of cantilevers of dimensions 74 · 58 · 14 and 74 · 58 · 18
inches corresponding to stiﬀnesses of 0.001 and 0.01 mmN −1 , respectively, coupled
to a PISeca D-510.020 single-electrode capacitive sensor and PISeca E-852.10 signal
conditioner. Indenters were fixed to the nanopositioner in-line with the load cell and
translated at a rate of 250 µs−1 , unless otherwise specified. Experiments involve
translation of the indenter into the gel such that the indenter breaks through the
surface of the gel before reversal (Fig. 3.2(a,b)). A representative force trace of
this complete cycle is shown in figure 3.2(b); however, the work described here is
focused only on the portion of the force response leading up to and including the
point of puncture, which is marked by a sharp peak formed by a rapid drop-oﬀ in
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Figure 3.3: Images of spherically-tipped indenters. Rows 1 and 2 show indenters
fabricated by gluing beads, while row 3 shows indenters pulled and annealed in a
microforge.

load coinciding with penetration of the needle through the surface of the gel. The
critical load for puncture, Pc , is taken as the maximum force associated with the peak
in the loading curve, and the critical depth, dc , is that corresponding to the critical
load. Data points correspond to mean values of between 5 and 10 punctures and error
bars represent one standard deviation above and below the mean. Fits to these data
utilize standard deviations in instrumental weighting of least squares parameters.
Flat punch indenters were fabricated from blunt-tipped needles obtained from
Hamilton Company and back-filled with epoxy. A flat punch geometry was created
by “shaving” excess epoxy from the needle tip with a razor blade. Spherically-tipped
indenters were fabricated by gluing spherical beads to the ends of hollow blunt-tipped
needles or small bolts (Fig. 3.3). Where indenter diameters were too small for this
method, indenters were fabricated by pulling capillary tubes in a Narishige PC-10
and subsequently annealing the tips in a microforge. Spherical profiles resulted from
surface tension and were confirmed by microscopy (Fig. 3.3).
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Figure 3.4: (a) Parallel-plate shear rheology of A25 B116 A25 gels. Storage modulus
is plotted versus angular frequency between 1 and 10 Hz. (b) Storage modulus, G� ,
averaged between 1 and 10 Hz versus weight percent polymer for A25 B116 A25 gels.

3.2.2.2

Rheology

Triblock copolymer gels were prepared at various weight percent polymer in order to achieve a range of materials properties. The linear relationship between weight
percent polymer and shear storage modulus, G� , obtained by shear rheology is demonstrated in Figure 3.4(b). Rheological measurements were made on an AR 2000
rheometer using 25 mm steel ETC parallel plates. Triblock solutions were brought
to 150◦ C, injected between plates preset at 80◦ C and then equilibrated and held at
25◦ C for testing. Frequency sweeps from 1 to 10Hz were performed at 1 Pa and the
shear modulus, G� , was taken as the average over the frequency range recorded (Fig.
3.4(b)).
3.2.2.3

Mechanical Testing

R
Compression and tension tests were performed on an Instron�
mechanical testing

apparatus fitted with a 50 N load cell. For compression, triblock gel cylinders of
16 mm height and 20 mm diameter were placed between metal plates lubricated with
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silicon oil to reduce friction. Samples were compressed at a strain rate of 0.001 s−1
until failure. Tensile tests were intended to serve as complements to puncture tests;
therefore, strain rates were matched accordingly. Secant strain rates for puncture
were calculated from the stress at puncture, σc , the Young’s modulus, E, determined
from the loading curve, and the time-to-puncture, t, as �˙ =

σc
.
Et

Tensile rupture

tests were performed on “dog-bone” samples of ASTM D412-A dimensions. Fracture
energies were taken as the area under the load-displacement curve from the start of
the test to the point of failure. Notch tests to calculate strain energy release rates
were conducted on samples of dimensions 60 · 50 · 1 mm3 with a volume 10 · 50 · 1 mm3
exposed between grips following the procedure outlined by Rivlin. [28] Notches were
cut at the mid-point with a razor blade.

3.3
3.3.1

Results and Discussion
Loading

Deep indentation experiments in four unique materials demonstrate the universality of the force profile pre-puncture (Figure 3.5(a)). Such a profile is qualitatively consistent with those observed in a variety of synthetic and biological materials. [62,64,65,76] Specifically, the force response pre-puncture indicates an increasing
stiﬀness with depth. Figure 3.5(b) shows force profiles in A25 B116 A25 gels for indenters
with two distinct tip geometries: flat, and spherical. At small depth, both indenters
follow the force-displacement behavior predicted for small-strian contact; [77] that is,
8
P ∼ ERd
3

P ∼

3
1
16
ER 2 d 2
9
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(3.2a)

(3.2b)

Figure 3.5: (a) Representative force profiles for insertion with an R = 283µm indenter
in 4 unique materials: 20 w% A25 B116 A25 gel, poly(dimethyl siloxane) elastomer with
40:1 ratio of prepolymer to curing agent, OO-20 durometer poly(urethane) elastomer,
and 4 w% poly(acrylamide) hydrogel. On the y axis load, P , is normalized by load at
puncture, Pc , and on the x axis depth, d, is normalized by depth at puncture, dc . (b)
Representative force profiles for deep indentation by two indenter shapes: spherical
and flat-punch. Inset provides the same data on linear axes to emphasize second
power scaling at large depth.

for flat (a) and spherical (b), respectively, where P is the load, E is Young’s modulus
of the indented material and R is the cross-sectional radius of the indenter. At large
depth, however, both of these models break down, and the force responses of both
indenters transition to a second order dependence on depth. This can be attributed
to the expected behavior for compression of materials described by a Neo-Hookean
consititutive relationship, as demonstrated previously for these ABA gels. [75] To
confirm this, uniaxial compression experiments were performed on bulk A25 B116 A25
gels. Under these conditions, the nominal engineering and true stresses in an incompressible neo-Hookean material, σz,

eng ,

and σz,

expressions: [10]
σz,
σz,

eng

E
=
3

true

E
=
3

�

λ2z

�
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true ,

1
−
λz

1
λz − 2
λz

respectively, obey the following

�

�

(3.3a)
(3.3b)

Figure 3.6: (a) Uniaxial compression data for A25 B116 A25 gel fit with equation 3.3a.
(b) Schematic of strain approximation for deep indentation by flat punch indenter.
A cylindrical volume of gel under the indenter is considered to have (i) initial radius
R equal to that of the indenter and (ii) stretched radius R + kd, a multiple of the
indentation depth.

In this case the stretch ratio, λz , is defined as the ratio of the deformed height to the
undeformed height, L/L0 . The compression data were fit with equation 3.3a using
the Young’s modulus, E, as an adjustable parameter (Fig. 3.6(a)).
By redefining the stretch ratio, this neo-Hookean model can be used to describe
deep indentation experiments. Consider a volume of unstretched gel underneath a
flat punch indenter with radius equal to that of the indenter(Fig. 3.6(b.i)). Upon
compression, the gel is forced out along the side of the indenter such that its radial
dimension is increased by a constant multiple of the indentation depth, kd (Fig.
� R �2
3.6(b.ii)). Thus, the stretch ratios can be defined as λr = R+kd
, λz = R+kd
, and
R
equation 3.3b can then be written as
E
σz =
3

��

R
kd + R

�4

−

which predicts the load at large depth to follow
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�

kd + R
R

�2 �

(3.4)

Figure 3.7: (a) Empirical determination of the coeﬃcient k � of equation 3.5. (b)
Loading curve for 650µm spherical tip indenter fit with equation 3.5 (blue) and superposition of equation 3.2b and the first term of equation 3.5 (red).

P = −σz R2 = k � Ed2 + k �� ERd

(3.5)

The linear term of equation 3.5 captures small-strain contact of a flat punch at small
depth (equation 3.2a). Setting k �� =

8
3

accordingly, indentation force profiles for 30

combinations of flat punch indenter radius and A25 B116 A25 modulus were fit with
equation 3.5 using k � E as a fitting parameter. The resulting values of k � E are plotted
against storage modulus obtained from shear rheology in figure 3.7(a), the good linear
fit confirming the accuracy of the model. The storage modulus, E � , is calculated from
the shear modulus, G� , assuming incompressibility, i.e. ν = .5 and E � = 2G� (1 + ν).
The slope of figure 3.7(a) gives an empirical value k � = .26 ± .01. Figure 3.7(b)
demonstrates the eﬃcacy of equation 3.5 in describing the loading behavior of spherical indenters. For reference, the data are also fit by substituting equation 3.2b for the
linear term of equation 3.5. This fit only loosely approximates the curve by underestimating the data in the lower portion of the range and overestimating it at the higher
end. This is indicative of too strong a dependence on d, and results in an underesti-
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mation of the modulus by 5%. These results indicate that spherical indenters behave
similarly to flat punch indenters for d > R. In addition, the second-power term of
equation 3.5, which dominates at large depth, contains no reference to the radius of
the indenter. This absence suggests that the force response to deep indentation in
soft materials is insensitive to the specific geometry of the indenter. With this model,
we have demonstrated a large-strain contact mechanical approach to modulus measurement of soft materials that oﬀers increased sensitivity and simplicity compared to
traditional contact mechanics measurements which require precise alignment of the
indenter, knowledge of the area of contact, and are limited to small strains. [3]
3.3.2

Puncture Results

The critical load for puncture, Pc , for flat punch indenters is found to be
proportional to the square of the radius of the indenter, Pc ∼ R2 (Fig. 3.8(a)).
Normalizing the critical load by the cross-sectional area of the indenter defines a
critical nominal stress at puncture, σc =

Pc
.
R2

Figure 3.8(b) demonstrates that this

failure stress can surpass the modulus by two orders of magnitude. In figure 3.8(c)
the critical depth, dc , is shown to be approximately 13R. These results are found
to be consistent with our contact model by substituting σc ∼ 145G� and dc ∼ 13R
into equation 3.5. It is interesting to note that these data also indicate that dc is
independent of the material modulus, E, as shown in ESI figure 4.
The critical load for puncture, Pc , for spherical tip indenters is found to be
linearly proportional to R below a critical size, RT , and proportional to R2 above RT
(Fig. 3.9(a)). Accordingly, the critical nominal stress, σc is found to decrease with R,
and eventually plateau for R > RT (Fig. 3.9(b)). The critical depth for puncture, dc
also exhibits a transition at RT (Fig. 3.9(c)). Above RT , we expect dc to be consistent
with the flat punch results. Substituting Pc = σc R2 into equation 3.5 predicts that
dc = 3.5R for spherical tip indenters. This result is found to loosely approximate the
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Figure 3.8: (a) Critical load for puncture, Pc ; (b) critical nominal stress at puncture,
σc , normalized by shear modulus, G� ; and (c) critical depth at puncture, dc , versus
radius, R, for flat punch indenters in A25 B116 A25 gels. (a,b) Flat punch indenters
demonstrate stress-limited failure occurring at a critical nominal stress σc = RPc2 indicative of the maximum cohesive stress of the gel, which can surpass the modulus
by two orders of magnitude. (c) The critical depth, dc , is found to be in excess of ten
times the radius, R.

date in figure 3.9(c). Below RT , the dependence of dc on R can be approximated by
substituting Pc ∼ kR into equation 3.5, where k is an arbitrary constant, and again
solving for dc . As puncture occurs at depths considerably larger than the radius, the
1

first term of equation 3.5 can be eliminated for simplicity, yielding dc ∼ kR 2 . This
result is found to fit the experimental data well.
3.3.3

Puncture Discussion

We propose that puncture is triggered by the nucleation and growth of a crack in
a region of highly stressed material under the indenter tip. The stress-concentrating
ability of the system, i.e. the distribution of stress under the indenter, is dictated
by the geometry of the tip. Similarly, the geometry dictates the volume of material
whose strain energy is able to participate in crack formation. These eﬀects and their
implications to material failure are discussed in the context of a fracture process zone
(FPZ) model below.
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Figure 3.9: (a) Critical load for puncture, Pc ; (b) critical nominal stress at puncture,
σc , normalized by shear modulus, G� ; and (c) critical depth at puncture, dc , versus
radius, R, for spherically-tipped indenters in A25 B116 A25 gels with shear modulus
G� = 7.2 kP a. (a,b) Spherical tip indenters exhibit a transition between energylimited and stress-limited failure at a critical transition radius, RT . (c) The critical
depth, dc is found to be proportional to the square root of the radius, R, in the
energy-limited regime as predicted by equations 3.5 and 3.8. The critical depth, dc ,
is found to be loosely approximated by dc = 3.5R as predicted by equations 3.5 and
3.7 for the stress-limited regime.

Consider two half-spaces which meet along a fracture plane as in figure 3.10(a). For
a crack to form, two conditions must be met: 1) the stress across the fracture plane
must be suﬃciently high to break chemical bonds, and 2) there must be suﬃcient
energy in the system to perform the work of separating the newly created crack faces.
These conditions are depicted graphically in figure 3.10(b), where the attractive force
acting on the faces is plotted as a function of the crack opening displacement. At a
critical force, Fc , the crack begins to grow and the force resisting crack opening is a
monotonically decreasing function of the opening displacement, x, which eventually
decays to zero at large displacement. [27] Here, we use a linear approximation for
simplicity. In this way, the work of separation can be easily defined geometrically as
half the product of the critical force, Fc , and the critical displacement, xc , where the
force is zero. The energy to perform this work, U , must be supplied by strain energy
in the surrounding material. This energy is contained in a finite volume of highly
strained material, the FPZ, within the vicinity of the crack plane. A characteristic
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Figure 3.10: (a) Schematic of fracture process zone (FPZ) surrounding fracture plane
and cohesive forces resisting crack opening. (b) Representative plot of cohesive forces,
F , versus crack opening displacement, x, showing critical force for crack nucleation,
Fc and displacement at complete separation, xc . (c) Schematic of FPZ under (i) flat
punch and (ii) spherical tip indenters. Shaded areas depict highly stressed material,
while dashed lines indicate the size of the FPZ, l. Together the average stress in
the FPZ, σ, and the size of the FPZ, l, determine the available energy for fracture
nucleation.

FPZ size, l0 , can be calculated by taking the critical energy per area,
fracture energy), divided by the critical force per area,

Fc
A

U
A

= Γ0 (the

= σ0 (the maximum cohesive

stress). For illustration, l0 = xc in our example. A FPZ of size l0 will simultaneously
satisfy the critical stress and critical energy requirements:

σ0 l0 = Γ0

(3.6)

Equation 4.3 is a modified form of equation 3.1, where the fracture nucleation energy,
Γ0 , takes the place of the strain energy release rate Gc . The diﬀerence between these
two is illustrated in figure 3.11(a), where fracture energies for 25w% A25 B116 A25 gels
were measured for notched (Gc ) and un-notched (Γ0 ) samples. The energy associated
with fracture nucleation is significantly larger than that of crack propagation.
The characteristic FPZ size, l0 , is a material constant that represents a transition
between stress-limited and energy-limited failure modes. If the size of the FPZ l ≥ l0 ,
the material fails when the stress reaches σ0 , as by definition the energy criterion will
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Figure 3.11: (a) Histogram of critical strain energy release rate, Gc and fracture
energy, Γ0 compared to the critical load for puncture, Pc divided by the radius, R.
(b) Pc versus R for spherical tip puncture in the energy-limited regime. The slope,
Pc
, is predicted to be roughly twice the fracture energy
R

have already been met. This case is therefore stress-limited. Conversely, if stress is
concentrated in an FPZ of size l<l0 , failure cannot occur until the stress, σ, satisfies
the condition σl = Γ0 , or σ =

σ0 l0
.
l

This is the energy-limited case.

We can now use an FPZ model to relate our puncture data to the material properties of the gel and the geometries of the indenters. For a general case, we can estimate
the FPZ size, l, to be a fraction of the cross-sectional radius of the indenter, l = αR,
assuming that the FPZ cannot be larger than the indenter (Fig. 3.10(c)). Similarly,
the stress in the FPZ can be estimated to be a multiple of the nominal stress under
the indenter, σ = βσn , assuming that fracture will nucleate at a location of stress
concentration. Therefore, puncture occurs at a critical nominal stress, σc , suﬃcient
for failure of an FPZ of size αR. For αR ≥ l0 , the failure is stress-limited:
βσc = β

Pc
= σ0
R2

whereas for R < l0 , the failure is energy-limited:
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(3.7)

βσc = β

Pc
Γ0
σ0 l 0
=
=
2
R
l
αR

(3.8)

Flat punch indenters exhibit stress-limited failure (Fig. 3.8(a,b)), occurring
at a critical nominal stress σc =

Pc
.
R2

Assuming that α, and consequently β, are

both approximately equal to 1 (Fig. 3.10(c)), σc is then approximately equal to the
maximum cohesive stress of the gel, σ0 . From this, we can confirm stress-limited
failure, i.e. l = R ≥ l0 , by employing equation 4.3. Using σ0 ∼ 1.1 ± .18 M P a
from Figure 3.8(a) and Γ0 = 142 ± 40N/m from tensile testing (Fig. 3.11(a)), we
can estimate l0 = 130 ± 42µm, which is similar in magnitude to the smallest radii
indenters used.
Spherical tip indenters demonstrate a transition from stress-limited to energylimited failure (Fig. 3.2b(a,b)). The critical indenter size, RT ∼ 1.5 mm, for transition to the energy-limited regime for spherical tip indenters is significantly larger than
the characteristic FPZ size, l0 ∼ 130 µm, calculated from flat punch indenter data
(Fig 3.2b(a)). One possible explanation for this is that the curvature geometrically
inhibits transfer of strain energy to the crack plane from material far away along the
circumference of the hemisphere. In this way, the size of the FPZ is proportional to
the radius of curvature of the indenter, l ∼ r, which recovers the form l ∼ αR, as
the two radii are equal for a hemisphere. The coeﬃcient α can then be calculated
from

l0
RT

∼

1
.
10

In the stress-limited regime, the coeﬃcient β for spherical indenters

can be calculated by dividing σc for flat punch indenters by that of large spherical
indenters: β ∼

145
30

∼ 5 (Fig 3.2b(a,b)). The magnitude of the coeﬃcient β is the

result of stress concentration due to the curvature of the indenter, the precise nature
of which is beyond the scope of this work.
Defining the coeﬃcients α and β for both indenter geometries allows for the construction of a phase map identifying the stress-limited and energy-limited regimes
(Fig. 3.12). This is accomplished by plotting the stress in the FPZ βσc normalized
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Figure 3.12: Phase map of flat punch and spherical indenter data indicating energylimited and stress-limited regimes.

by the maximum cohesive stress, σ0 versus the ratio of the characteristic FPZ size to
the actual FPZ size,

l0
.
αR

The transition between the two regimes occurs at

l0
αR

= 1.

In addition, entering the estimated values of α and β for spherical indenters into
equation 3.8, the energy-limited failure regime can be described by the equation
σc =

Γ0
.
2R

It is possible to then obtain the fracture energy of the material, Γ0 , from

the slope of a plot of Pc vs R for spherical indenters with R ≤ lc . These energy-limited
puncture data are plotted in figure 3.11(b), showing that

Pc
R

is approximately twice

the fracture energy obtained from tensile rupture tests, as predicted (Fig. 3.11(a)).
Further, it is important to note the zero intercept of figure 3.11(b), which indicates
that for any spherical tip indenter with R < RT , the fracture energy can be calculated
by simply taking the ratio

Pc
.
2R

In this way, we have demonstrated a simple method

for measurement of fracture energies of soft materials requiring no special sample
preparation provided the indenter radius is suﬃciently small relative to the transition
length and the smallest dimension of the test sample.
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3.4

Conclusions

Puncture experiments were conducted in model soft materials across a range of
material moduli, fracture energies, and indenter shapes and sizes. Experiments indicate uniform force profiles for deep indentation; namely that the force scales with the
square of the depth and with little influence of indenter geometry. This behavior is
well described by defining the strain as approximately the ratio of the depth to the
radius and assigning a neo-Hookean constitutive relation. The point of puncture is
found to be determined by fracture nucleation within a fracture process zone (FPZ)
under the indenter. That the size of the FPZ is determined by the shape and size
of the indenter allows for observation of two distinct failure regimes. These regimes
arise from the necessity for two criteria to be met or failure: a critical stress, and a
critical energy. A stress-limited regime occurs when the FPZ is large enough to store
the necessary energy for failure at small strain. When the FPZ is small, very large
stresses exceeding the modulus by two orders of magnitude are necessary to reach
the critical energy, which becomes the limiting criterion. The ability to probe each of
these regimes independently allows for measurement of the cohesive stress and fracture nucleation energy simply by pushing on a soft material with a high aspect ratio
indenter. In addition, modulus measurements can be made from the loading curve
with increased sensitivity and simplicity relative to small-strain contact mechanics.
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CHAPTER 4
PUNCTURE FAILURE FOR MECHANICAL
MEASUREMENT OF SOFT MATERIALS

4.1

Introduction

Increasing interest in biomimetic and biocompatible materials for applications
such as tissue engineering has driven the need for low modulus synthetic soft solids
with precisely controlled mechanical properties. [78–80] One area of particular eﬀort is
that towards soft materials with high toughness mimicking those found in the connective tissue of animals. [81–86] This biomimetic eﬀort, as such, requires the ability to
measure fracture energies in both biological materials and synthetic analogues alike.
However, such measurements become increasingly diﬃcult as the material modulus
decreases. [9, 19, 45] In many cases, toughness is quantified by yield stress in compression due to the relative ease with which the geometry of the test material can be
controlled during such measurements. [82, 83, 85] In order to obtain fracture energies
via tensile tests, special tactics are often necessary to ensure the material is fixed in
the instrument’s grips, sometimes involving processing that may not be applicable
to specimens such as biological materials. For example, soft materials may be cured
in the presence of an impregnating fabric at each end to bolster mechanical strength
at the grip. [9, 86] Even where tensile specimens are successfully pulled to failure,
crack blunting associated with large deformations of soft solids can confound the results obtained. [19] Therefore, a need remains for a simple and precise technique for
measuring fracture energies in soft materials.
The analysis in Chapter 3 propounds puncture as a viable mechanical measurement technique for soft solids due to the relative ease with which material properties
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can be extracted from a single test. A puncture test involves measuring the load on a
high-aspect-ratio indenter as it is translated at fixed displacement rate into the test
material until the point at which it breaks through, or punctures, the surface (Fig.
3.2). The material modulus can be obtained from a simple second order polynomial
fit of the loading curve:
8
F = ERd + k �� Ed2
3

(4.1)

where F is the force on the indenter, d is the depth of indentation, R is the crosssectional radius of the indenter, and k �� is a dimensionless empirical constant determined in Chapter 3 to be approximately .26. The fracture energy, Γ, of the test
material can be obtained from the critical load, Fc , associated with puncture according to
Fc = KΓR

(4.2)

for R ≤ lc , where R is the cross-sectional radius of the indenter tip, K is a dimensionless empirical constant determined in Chapter 3 to be approximately .5, and lc is
the transition length between energy-dominated and stress-dominated failure regimes.
The transition length, lc , arises from a material length scale, the characteristic fracture process zone size, l0 , which links the fracture energy to the maximum cohesive
stress, σ0 , of the material according to

l0 =

Γ
σ0

(4.3)

The transition length is then αlc = l0 where α is a constant between zero and one
specific to the geometry of the indenter.
Where the accuracy of equation 4.1 was confirmed for A25 B116 A25 gels with a
broad range of moduli and for indenters of multiple geometries in Chapter 3, equation 4.2 has only been demonstrated for a single fracture energy. Further, the compositional handle available for tuning Γ in A25 B116 A25 gels, the weight fraction of
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polymer, also influences the modulus of soft materials. [13, 29, 87] In this section, a
materials system is employed in which the modulus and fracture energy are able to be
independently tuned. Previous studies have demonstrated tunable fracture energies
in siloxane networks swollen in silicone oils of various molecular weights. [88] In this
work, sol molecular weight distribution is held constant while weight fraction network
polymer and cross-linker are varied in order to formulate swollen siloxane networks
with variable mechanical properties. Puncture tests are utilized to measure modulus
and fracture energy, which are compared to those obtained from tensile tests.

4.2
4.2.1

Experimental
Materials

R
Poly(dimethyl siloxane) elastomer (PDMS) was prepared from a Sylgard�

184 kit obtained from KR Anderson Co. and used as received. Cross-link densities
were varied by tuning the ratio of prepolymer to curing agent. Ratios of 10:1, 20:1,
30:1 and 40:1 by weight were used, corresponding to weight fractions, φX , of 0.091,
0.048, 0.032, and 0.024, respectively. Swollen networks were achieved by addition
of 13.5kg/mol methyl-terminated linear PDMS (LPDMS) obtained from Gelest and
used as received. Prepolymer and curing agent were pre-mixed at the desired ratio
and then diluted to weight fractions, φN , of 1, 0.95, 0.90, 0.80, 0.70, 0.60, 0.50, 0.40
and 0.30 with LPDMS pre-cure.
As equations 4.1 and 4.2 do not account for rate-dependent mechanical properties,
it is important that these eﬀects be minimal in the materials used in this study on the
timescales of puncture experiments (∼1-5Hz). However, time-dependent mechanical
behavior is prevalent in swollen networks and polymer melts. [89] Therefore, in order
to confirm the assumption of quasi-static loading, storage and loss moduli, E � , and
E �� , respectively, were obtained for the swollen PDMS networks via Dynamic Mechanical Analysis (DMA) conducted on samples of dimensions 30 · 10 · 2 mm3 in
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Figure 4.1: Storage and loss moduli (solid and hollow symbols, respectively) for
swollen PDMS networks with weight fraction cross-linker, φX , equal to: (a) 0.09,
(b) 0.048, (c) 0.032, and (d) 0.024. Symbol shapes indicate weight fraction network
polymer, φX according to � = 1, � = 0.95, � = 0.90, � = 0.80, � = 0.70, � = 0.60,
� = 0.50, and � = 0.30.
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a TA instruments Q800 between 0.1 and 10 Hz. Many PDMS network formulations
with φN < .6 failed to reach the lower operating limits of sample stiﬀness for the instrument, thus inhibiting measurement of E �� or both E � and E �� . However, this work
focuses primarily on those materials where at least E’ was able to be obtained. Figure 4.1 indicates that storage moduli are relatively constant and significantly larger
in magnitude than their respective loss moduli the over the rates studied, with the
exception of φX = 0.024. This may be due to chain entanglements resulting from
incomplete cross-linking of the network at low φX . [89] Otherwise, good agreement
between E obtained via puncture and E � from DMA indicates that rate eﬀects are
minimal in all other cases.
4.2.2
4.2.2.1

Mechanical Testing
Tensile

“Fracture energy” is a metric used to describe the resistance of a material to failure
that has multiple definitions, and therefore multiple values, depending on the failure
mechanism employed. [15,16] Perhaps the most ubiquitous is the mode I critical strain
energy release rate, GIc , which represents the energy per area ( mJ2 , or

N
)
m

released upon

propagation of a plane crack in an infinite medium lying perpendicular to the direction
of remote loading. [15] GIc is commonly determined by pulling to failure a thin plate
of material cut at its edge or center with a notch, or thin crack, of prescribed length
spanning the complete thickness of the sample. In this work, we are interested in the
critical energy per area at which an intrinsic flaw or defect in an otherwise continuous
sample becomes unstable, as these are the presumed conditions for crack nucleation
and subsequent failure during puncture. Therefore, tensile rupture tests are used here
to measure fracture energies.
Tensile rupture tests were performed on “dog-bone” samples of ASTM D412-A
dimensions. Fracture energies, Γ, were taken as the area under the load-displacement
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Figure 4.2: Fracture energies calculated by three methods: notch test, tensile rupture,
and puncture test, in PDMS network with φX = 0.024 and φN = 1.

curve from the start of the test to the point of failure. As these tests were intended to
serve as complements to puncture tests, strain rates were matched accordingly. Secant
strain rates for puncture were calculated from the critical nominal stress at puncture,
σc =

Pc
,
R2

the Young’s modulus, E, determined from the loading curve (equation 4.1),

and the time-to-puncture, t, as �˙ =

σc
.
Et

Young’s modulus, E, was extracted from the

tensile tests used for rupture by taking a linear fit of stress versus strain in the small
strain limit of the loading curve. Engineering stress and strain were calculated from
the load normalized by the cross-sectional area of the specimen, and the displacement
normalized by the gauge length, respectively.
For reference, notch tests to calculate strain energy release rate, GIc , were conducted on samples of dimensions 60 · 50 · 1 mm3 with a volume 10 · 50 · 1 mm3 exposed
between grips following the procedure outlined by Rivlin. [28] Notches were cut at
the mid-point with a razor blade. Figure 4.2 illustrates the diﬀerence between Gc
and Γ, and compares both to the fracture energy obtained via puncture experiments
(equation 4.2). Fracture nucleation from an intrinsic defect is associated with a larger
energy than that of propagation of a plane crack. This is reflected in the similarity
in magnitude of fracture energies measured by tensile rupture and by puncture, and
their relative disparity with respect to Gc (Fig. 4.2).
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4.2.2.2

Puncture

Puncture experiments were carried out on a custom apparatus consisting of a
Burleigh Instruments EXFO IW-820 Nanopositioner and Inchworm 8200 controller.
Needles were fixed to the nanopositioner in-line with a load cell and translated at
a rate of 250 µms−1 . Moduli and fracture energies were calculated by utilizing
equations 4.1 and 4.2. As the empirical coeﬃcients k �� and K were determined in
a separate materials system (A25 B116 A25 gels) from that employed here, they were
set equal to unity for the analysis of this chapter in order to avoid any unintentional
bias. Data points correspond to mean values of between 5 and 10 punctures and error
bars represent one standard deviation above and below the mean. Fits to these data
utilize standard deviations in instrumental weighting of least squares parameters.
Spherically-tipped needles were fabricated by pulling capillary tubes in a Narishige
PC-10 and subsequently annealing the tips in a microforge. Spherical profiles resulted
from surface tension and were confirmed by microscopy (Figure 3.2bc). Puncture
experiments in blended PDMS networks were performed with R = 90µm indenters
in order to assure energy-limited failure, that is, R < lc . A conservative estimate
of the transition length can be obtained from equation 4.3 by utilizing the fracture
energy and modulus obtained by tensile tests and the approximation σ0 ∼ 100E.
This estimate places lc on the order of one millimeter and R = 90µm well within the
energy-limited regime for materials the employed here.

4.3
4.3.1

Results and Discussion
Characterization of Fracture Energies by Puncture Tests

Figure 4.3(a) illustrates the eﬀect of forming the network in the presence of linear
PDMS chains. Adding a sol fraction of linear polymer reduces the number of chains
per volume participating in the elastic network and diminishes both the modulus and
the fracture energy. [13, 29, 87] Tensile tests reveal that adjusting the weight fraction
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Figure 4.3: (a) Eﬀect of tuning weight fraction network polymer, φN on fracture
energy, ΓT , and modulus ET obtained via tensile tests for PDMS networks with
weight fraction cross-linker, φX = 0.091. Fracture energies, ΓP (b), and moduli, EP
(a), obtained via puncture tests show good agreement with those obtained via tensile
tests.

of network polymer, φN , between approximately 1 and 0.3 results in a continuous
decrease in Γ and E over an order of magnitude for networks formed at 10:1 ratio prepolymer to cross-linker (φX = 0.091). Figures 4.3(b,c) indicate that moduli
and fracture energies obtained via equations 4.1 and 4.2 from puncture experiments
performed in these swollen networks (ΓP , and EP , respectively) demonstrate good
agreement with those obtained via tensile tests (ΓT , ET ). These results support the
eﬃcacy of puncture experiments for characterization of mechanical properties of soft
materials, particularly, by demonstrating for the first time their ability to resolve fracture energy over a large range. However, the close link between modulus and fracture
energy in this system makes it diﬃcult to discern whether puncture can truly resolve
one from the other, or whether the critical load for puncture is truly independent of
the modulus as suggested by equation 4.2.
4.3.2

Tuning Fracture Energy Independently of Modulus

In order to resolve modulus and fracture energy independently, swollen PDMS
networks were prepared with varying weight fractions of prepolymer to cross-linker,
φX . Figure 4.4(a) demonstrates the eﬀect of tuning the cross-link density of networks
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Figure 4.4: (a) Eﬀect of tuning weight fraction cross-linker, φX on fracture energy,
ΓT , and modulus ET obtained via tensile tests for PDMS networks with weight fraction cross-linker, φN = 1. (b) Fracture energies, ΓP , and moduli, EP , obtained via
puncture for swollen networks prepared with 32 combinations of φN and φX .

formed at φN = 1. Although both E and Γ are diminished as φX is reduced, the
more profound eﬀect is on the modulus, which is reduced by fifty times, whereas the
fracture energy is decreased only four-fold. This disparity eﬀectively establishes φX
as a means to selectively tune the modulus at a given fracture energy determined
by φN . To this end, swollen networks were prepared with 32 combinations of φN
and φX and characterized by puncture tests to determine E and Γ. The results,
depicted in Figure 4.4(b), map a parameter space covering two orders of magnitude
in fracture energy and three orders of magnitude in modulus. It is clear that lines of
equal modulus and lines of equal fracture energy can be made to intersect the data
at multiple points, indicating that E and Γ are able to be independently resolved by
puncture tests. To support this, networks with compositions falling on two such lines,
indicated in Figure 4.4(b), are examined in greater detail in the following section.
4.3.3

Robustness of Puncture Load Equation

Fracture energies obtained by puncture thus far have required two assumptions:
(1) that puncture occurs when a critical amount of strain energy is stored under the
indenter tip (R < lc ), and (2) that the puncture load is proportional to the product
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Figure 4.5: Plots of puncture load versus radius for swollen siloxane networks with
constant-modulus (E ∼ 0.5 MPa) and variable-fracture-energy (a); and constantfracture-energy (Γ ∼ 11 kN
) and variable-modulus (b).
m
of that energy and the cross-sectional radius of the indenter (Fc = ΓR). In order to
validate both of these assumptions, plots of Pc versus R were constructed for networks
falling on lines of equal modulus and equal fracture energy (dashed, and dash-dot,
respectively in Figure 4.4). Formulations of (φX ,φN ) equal to (0.091, 0.30), (0.048,
0.50), and (0.032, 0.80) for constant E; and (0.091, 0.40), and (0.048, 0.50) for constant Γ were chosen for their rate-independent moduli as discussed in section 4.2.1and
punctured with indenter radii of 90µm, 225µm, 325µm, and 475µm. The resulting
data in Figure 4.5 simultaneously confirm the aptness of equation 4.2 in the materials
studied, and the ability of puncture to resolve E and Γ independently. That is, the
linear scaling of puncture load with indenter radius holds across the range of materials properties studied. Further, Figure 4.5(a), demonstrates that three materials
with nearly identical modulus can exhibit diﬀering fracture energies. Formulations
(0.091, 0.30), (0.048, 0.50), and (0.032, 0.80) posses moduli equal to 0.050 ± 0.001,
0.058±0.004, and 0.050±0.001 MPa and fracture energies equal to 3.4±0.4, 6.2±0.4,
and 10.6 ± 0.8

n
,
m

respectively. Similarly, Figure 4.5(b) indicates two formulations,

(0.091, 0.40), and (0.048, 0.50) whose moduli vary by a factor of ten (0.05 ± 0.07,
and 0.058 ± 0.004 MPa, respectively), but whose fracture energies are separated by a
mere 15 percent (12.7 ± 1 and 14.0 ± 0.5

N
,
m
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respectively).

4.4

Conclusions

Experiments conducted in swollen siloxane networks demonstrate the ability of
puncture tests to characterize the moduli and fracture energies of soft materials. Siloxane networks prepared with varying weight fraction network polymer and cross-linker
provided a model system possessing mechanical properties spanning three orders of
magnitude in modulus and two orders of magnitude in fracture energy. Previously
reported models were able to successfully describe indentation and puncture failure
over the majority of this range. Most notably, the finding that the critical load for
puncture failure scales linearly with the cross-sectional radius of the indenter tip and
the fracture energy of the material was confirmed in materials with a broad range of
mechanical properties. This result reaﬃrms that the puncture load is independent of
the modulus. As such, the modulus and fracture energy can be independently measured from the loading curve and failure point, respectively, of a single puncture test.
This simple measurement technique has great potential for use in fields such as tissue
engineering which desire precise control of mechanical properties in soft materials.
Where precise control of test geometry and sample manipulation can be diﬃcult in
soft materials, puncture tests require only that the sample dimensions be large relative to those of the indenter, and otherwise can be conducted on any sample that is
rigidly supported opposite the direction of loading.
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CHAPTER 5
FORCES ON EMBEDDED NEEDLES AND THEIR
IMPLICATIONS FOR CAVITATION RHEOLOGY

5.1

Introduction

Percutaneous therapies via hypodermic needles are some of the most commonly
performed medical procedures. [62] Precise placement of the needle is key for nearly
all of these, whether to maximize eﬃcacy of drug delivery, or to minimize collateral damage. [90] Without means for real-time visualization of the location of the
needle relative to local tissues and organs, physicians must rely on haptic feedback
and experience to estimate proper placement. [91] For this reason, there is a large
research eﬀort toward methods for increased precision in percutaneous procedures including real-time imaging, robotically controlled insertion, and development of tissue
phantoms and simulations for physician training. [62, 92] Aside from imaging, each
of these eﬀorts requires knowledge of the mechanical interaction between needles and
tissues. [62, 92, 93]. A vast number of studies in this area have produced a wealth of
experimental data for a variety of synthetic and biological materials subjected to insertion by needles of many geometries; however, models for interaction forces remain
largely empirical. [63–66, 93] In this work, we employ mechanical models to describe
the forces on inserted needles and to connect these forces to independently measured
material properties. Further, we investigate the eﬀect of such forces on mechanical
measurements made by Cavitation Rheology, a recent technique with potential for
minimally-invasive percutaneous diagnostics.
Cavitation Rheology (CR) is technique by which mechanical measurement can
be conducted in soft materials by monitoring local material failure imposed at the
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tip of a pressurized needle. [14] The critical pressure for failure, pc , has been related
to the mechanical properties of both synthetic soft materials and biological tissues
alike. [44, 94, 95] Recently, CR has been utilized to resolve diﬀerences in mechanical
response of wounded and control skin in rats. [96] In a clinical setting, needle placement for CR measurement will likely be carried out manually by a physician, which
will undoubtedly result in measurement-to-measurement variability in the applied
force on the needle and the depth of insertion. As diﬀerences in mechanical response
between aﬄicted and healthy tissues can be subtle, it is important to understand how
the stress state surrounding the needle aﬀects measurements made by CR.

5.2
5.2.1

Experimental
Materials

Acrylic triblock copolymer gels were chosen as primary model soft materials due to their elasticity at large strain and thermoreversible gel transition. [9, 75]
ABA copolymers of poly(methyl methacrylate) end blocks (PMMA) and poly(n-butyl
kg
kg
acrylate) mid block (PnBA) with molecular weights of 25 mol
and 116 mol
, respec-

tively (A25 B116 A25 ) were acquired from Kuraray Co. and used as received. Gels
were formed by dissolving polymer at 10, 15, 20, 25, 30, and 40% by weight in
2-ethylhexanol at 150◦ C and then cooling to room temperature, 25◦ C; the same thermal treatment was applied in between puncture experiments to erase damage history.
Poly(acrylamide) hydrogels were prepared from 30:1 acrylamide/bisacrylamide
stock solution from Bio-Rad Laboratories, Inc. at 4 w% polymer with ammonium persulfate initiator and tetramethylethylenediamine (TEMED) catalyst. Poly(dimethyl
R
siloxane) elastomer (PDMS) was prepared from a Sylgard�
184 kit obtained

from KR Anderson Co.

A 40:1 ratio of prepolymer to curing agent was used.

Poly(urethane) elastomer was prepared from BJB Enterprises PC-12 A/B elas-
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tomer kit as directed. Puncture experiments were performed in A25 B116 A25 gels unless
otherwise specified.
5.2.2
5.2.2.1

Methods
Rheology

Triblock copolymer gels were prepared at various weight percent polymer in order
to achieve a range of materials properties. Figure 3.4(b) demonstrates the linear
relationship between weight percent polymer and shear modulus, G� obtained by
shear rheology. Rheological measurements were made on an AR 2000 Rheometer
using 25 mm steel ETC parallel plates. Triblock solutions were brought to 150◦ C
and injected between plates preset at 80◦ C and gels were equilibrated at 25◦ C prior
to measurement. Frequency sweeps from 1 to 10Hz were performed at a shear strain
γ = .05, and the shear modulus, G� , was taken as the average over the frequency range
recorded (Fig. 3.4(b)). Stress-relaxation experiments were conducted by imposing a
shear strain γ = .05, and holding for 8 minutes.
5.2.2.2

Insertion

Needle insertion experiments were carried out on a custom apparatus consisting
of a Burleigh Instruments EXFO IW-820 Nanopositioner and Inchworm 8200 controller. Needles were fixed to the nanopositioner inline with a load cell and translated
at 250 µms−1 (Figure 5.1a). Gel samples were contained in standard 20 mL scintillation vials and punctured at multiple positions no closer than 5 mm apart. Data points
correspond to mean values of between 5 and 10 punctures and error bars represent
one standard deviation above and below the mean. Fits to these data utilized standard deviations in instrumental weighting of least squares parameters. Blunt-tipped
needles were obtained from Hamilton Company and back-filled with epoxy except
where used for Cavitation Rheology measurements.
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Figure 5.1: (a) Schematic of insertion experiments. (b) (Left) Force profile for insertion with an R = 283µm indenter in a 20 w% A25 B116 A25 gel at 250µm−1 annotated
with salient features. (Right) Schematic of relative needle and gel positions during
each phase: I) Loading, II) Embedding, III) Shearing, IV) Pullout.

5.2.3

Cavitation Rheology

Cavitation Rheology was conducted on a custom apparatus consisting of a 22
Ga (R=359µm) blunt-tipped needle attached to a Harvard Apparatus 20 mL steel
syringe fit with an in-line Omega PX26 pressure sensor. Air was used as the cavitation medium and injected at a rate of 500ml per min. Depth-dependent cavitation
experiments were carried out by fixing the sample to a Parker Deadal 100BT linear
translation stage with its motion axis oriented parallel to the needle. The sample (a
30w% A25 B116 A25 gel) was brought into contact with the needle and then translated
at a rate of 250µms− 1 until the desired depth was reached. Syringe pressurization
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was initiated four minutes following the start of needle insertion in order to allow
ample time for the residual force to reach equilibrium (Fig. 5.4(a)).

5.3
5.3.1

Results and Discussion
Forces on Embedded Needles: Observations

Needle insertion experiments produced force profiles qualitatively consistent with
those previously observed in a variety of synthetic and biological materials. [62, 64,
65, 76] The force landscape is comprised of four phases: I) Loading, II) Embedding,
III) Shearing, and IV) Pullout (Figure 5.1b). Loading (I) involves a buildup of force
as the material is deformed prior to the point of puncture. At puncture, the needle
breaks through the surface of the gel, which rapidly rises as the strain imparted by
loading is released by the propagation of the newly formed crack. The embedding
(II) phase is therefore marked by an initial sharp drop in force corresponding to this
release, followed by a turning point and subsequent linear increase in force as the
needle continues to penetrate the gel. Withdrawal begins when the needle reverses
direction. Initially, reverse motion occurs without sliding between the needle and the
gel. In this shearing (III) phase, the force decreases as the strain imposed on the
material during embedding is released, becoming zero when the gel surface returns to
its initial position, and then negative when it is pulled upward. Finally, the needle
begins to slide from the material, and absolute force returns linearly to zero as a
result of pullout (IV). Puncture experiments in four unique materials demonstrate the
universality of the force landscape, while also highlighting diﬀerences in the materials
properties of each (Figure 5.2). For example, a PAAm hydrogel exhibits brittle failure
and low friction, marked by a sharp drop-oﬀ in load post-puncture. A poly(urethane)
with higher toughness and friction, in contrast, exhibits a higher puncture load and
only a small amount of force is released post-puncture. As the first two phases,
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Figure 5.2: (a) Representative force profiles for insertion with an R = 283µm indenter
in 4 unique materials: 20 w% A25 B116 A25 gel, poly(dimethyl siloxane) elastomer with
40:1 ratio of prepolymer to curing agent, OO-20 shore hardness poly(urethane) elastomer, and 4 w% poly(acrylamide) hydrogel. On the y axis load, P , is normalized by
load at puncture, Pc , and on the x axis depth, d, is normalized by depth at puncture,
dc . (b,c,d) Non-normalized force profiles for poly(acrylamide), poly(urethane), and
poly(dimethyl siloxane), respectively.

Loading and Puncture, were treated in Chapter 3, this chapter will focus primarily
on Embedding, Shearing, and Pullout.
5.3.2

Forces on Embedded Needles: Analysis

Steady-state penetration of the needle into the gel is resisted by sliding friction
between the needle and the gel, and the force required to propagate the crack created
at puncture. The frictional force resisting sliding of the gel along the needle is the
product of the area of the needle in contact with the gel and the critical shear stress
for sliding friction, τc , at 250µms−1 . [97] The fracture force can be approximated as
that required to maintain a state of compressive stress under the needle, σf , suﬃcient
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for crack propagation. We can therefore consider the force on the needle to be the
superposition of these two contributions:

Pe = 2πRln τc + πR2 σf

(5.1)

where ln is the embedded length of the needle (Fig. 5.1(b) II). For a homogenous gel
comprising a semi-infinite half space, both τc and σf are independent of the depth
of insertion. This constant shear stress, τc , can be modeled as a shear block of area
2πRln at constant shear strain γ =

τc
,
µ

where µ is the shear modulus of the gel (Fig.

5.3(a)). Fixed strain in the shear block corresponds to a critical deflection of the gel
surface at its contact line with the needle, ∆c . The embedded length of the needle
is then ln = d − ∆c , and

∂ln
∂d

= 1. From this, the slope of the embedding portion of

the force profile can be calculated:

me = ∂Pe /∂d = 2πRτc

(5.2)

The assumptions that τc and σf are constant can be confirmed by considering the
case where the needle is sliding out of the gel during withdrawal (pullout, IV). We
expect the force of pullout, Pp , to follow Equation 5.1 where τc is negative and σf = 0.
Therefore, the absolute slope of pullout, |mp |, is equal to the slope of embedding, me ,
if σf is constant. Figure 5.3(b) demonstrates that the ratio of the absolute slopes of
load versus depth for these two portions of the force profile is unity over a range of
needle radii and gel moduli. Further, Equation 5.2 was used to calculate τc from mp
in Figure 5.3(c), showing that τc is roughly equal to two thirds the shear modulus of
the gel, a reasonable value for elastomers. [97]
Between embedding and pullout, the needle changes direction and begins withdrawing from the gel, initially without sliding at the needle-gel interface (Figure 5.1(b)
III). This results in incremental release of the strain imparted by embedding, with
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Figure 5.3: (a) Schematic of approximate strain state in gel due to needle insertion.
(b) Absolute value of slope of embedding, me , normalized by slope of pullout, mp , versus shear modulus, G� . (c) Critical shear stress for sliding, τC , versus shear modulus,
G� . (d) Shear modulus measured by withdrawal, µ, versus shear modulus measured
by shear rheology, G� .

the load on the needle becoming zero at d0 , corresponding to the depth where d = ln ,
and negative for d < d0 as the gel is pulled in the opposite direction. The force on
the needle during this shearing (III) phase can be described by a modified form of
Equation 5.1 accounting for the change in strain state with depth. The shear strain
in the gel at the instant of reversal is γ =

τc
µ

= .6, therefore, the force on the needle

due to shear is
Ps� = 1.2πRd0 µ
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�

∆
∆c

�

(5.3)

The force on the needle due to compressive stress under the needle can be approximated by a contact mechanical model of indentation of an elastic half-space with a
rigid flat punch indenter: P =

16
πRµ (1
3

+ ν) x, where x is the depth of indentation

and ν is Poisson’s ratio of the gel. [3, 77] Assuming the gel to be incompressible, i.e.,
ν = .5, and taking x = ∆, the force on the needle due to compressive stress is

Ps�� = 8πRµ∆

(5.4)

The total force on the needle during the shearing phase is then the superposition of
Equations 5.3 and 5.5, which can be written in terms of depth as

Ps = 1.2πRd0 µ

�

d − d0
dR − d0

�

+ 8πRµ (d − d0 )

(5.5)

where dR is the depth of reversal. This expression can be diﬀerentiated and rearranged
to give the shear modulus of the gel entirely in terms of experimentally accessible
variables as
µ= �

ms
1.2πRd0
dR −d0

+ 8πR

�

(5.6)

where ms is the slope of the force profile during the shearing phase. Shear modulus,
µ, obtained via Equation 5.6 is plotted against that obtained by shear rheology, G� ,
in Figure 5.3(d), demonstrating good agreement.
5.3.3

Eﬀect of Needle Residual Force on Cavitation Rheology

In order to understand the eﬀect on Cavitation Rheology experiments of residual
force on embedded needles, a 22Ga needle was inserted into an A25 B116 A25 gel to
three diﬀerent depths where it was held stationary for four minutes. Figure 5.4(a)
shows average force versus time curves for 5 insertions to each of three depths: 6.5,
11.25, and 15 mm. When insertion is stopped, the force on the needle decays to a
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Figure 5.4: (a) Force versus time curves for insertions to depths of 6.5, 11.25, and
15 mm. Curves are comprised of data points representing average values over 5 runs;
the thickness of the curves represents twice the standard deviation of the averages.
(b) Force versus depth curves showing separately all runs averaged in (a). (b,c)
Critical pressure obtained by Cavitation Rheology versus depth and residual force,
respectively.

constant, nonzero value that is greater for deeper insertions. The standard deviation
over multiple runs, as indicated by the thickness of the curves, is small, demonstrating
the reproducibility of this residual force. Plotting the same force data as a function
of depth confirms this, while also indicating that the final force for each depth falls
on a single line (Fig. 5.4(b)).
Although there are many available pathways for viscous flow in swollen polymer
gels, [89] the decay in force on the needle observed during puncture experiments does
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Figure 5.5: Shear stress normalized by initial shear stress versus time for puncture
experiments with 22Ga needle, and parallel-plate shear rheology stress relaxation in
30 w% A25 B116 A25 gels. Initial shear stress for puncture experiments is taken at the
point of cessation of needle translation.

not appear to be due entirely to stress relaxation in the material. To illustrate this,
the decay in shear stress on the needle following insertion is plotted on the same
axes as parallel-plate shear stress relaxation in Figure 5.5. Clearly, the decay of
shear stress at the needle gel interface occurs much more rapidly than that of stress
relaxation alone. Another pathway by which swollen polymer networks can release
stress, poroelasticity, has been demonstrated previously for indentation experiments.
[98,99] However, poroelasticity is the result of compressibility due to solvent migration
out of the network, and as such, would require a poisson’s ratio of approximately 0.95
in order to account for the magnitude of the decay observed in puncture experiments.
One possible explanation for the decay in the force on the needle during puncture
experiments can be attributed to the conditions governing slip between the needle
and gel, specifically, that τc is proportional to the sliding velocity. [97] In this way,
halting the insertion creates a force imbalance between the elastic restoring force of
the sheared gel and the maximum shear stress sustainable at the interface. This
results in acceleration of the gel up the sides of the needle. Employing the analysis
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of section 5.3.2, this can be written as a second order diﬀerential equation in ∆ as


2

∂ ∆
= 2πR (d − ∆) 
∂t2

−.6µ

�

∆
∆c

�

− τc,( ∂∆ )
∂t

m




(5.7)

where τc,( ∂∆ ) is the critical shear force for sliding friction at a given velocity, and m
∂t
is the eﬀective mass of the gel acted on by the forces. Assuming a linear relationship
� �
between τc and the sliding velocity at the interface, τc,( ∂∆ ) = η ∂∆
+ τc,0 , where η
∂t
∂t

is a property of the needle gel interface linking the sliding velocity to the shear stress
for sliding friction (in this case, η =

τc,250
),
250µms−1

and τc,0 provides a non-zero intercept.

Taking d >> ∆, Equation 5.7 takes the form of a linear second order diﬀerential
equation of the form


2

∂ ∆
= 2πRd 
∂t2

−.6µ

�

∆
∆c

�

−η
m

� ∂∆ �
∂t

+ τc,0




(5.8)

with the solution

∆(t) = k1 e 2 t(B−
1

√

B 2 +4A)

+ k2 e 2 t(B+
1

√

B 2 +4A)

+

C
A

(5.9)

where A, B, and C are the first, second, and third coeﬃcients of the numerator of
Equation 5.8, and k1 and k2 are constants of integration. Because ∆ is finite for
t → ∞, k2 can be taken to be zero. Then, we can use the boundary value ∆(0) = ∆c
�
�
0.6µ−τc,0
A
to determine that k1 = ∆c − C = ∆c
. In this form, Equation 5.9 gives an
.6µ
exponential decay, as observed (Figure 5.4(a)). Equation 5.9 can be used to determine
the final deflection of the gel surface,
C
= ∆c
∆(∞) =
A
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�

τc,0
.6µ

�

(5.10)

which can be substituted into Equation 5.5 to find the final force on the needle,

F (∞) = 3.33πRdτc,0 + 8πRµ∆c

(5.11)

Equation 5.11 predicts that the final force on the needle is a linear function of the
depth, as observed.
Cavitation Rheology experiments conducted following an identical insertion protocol to those in Figure 5.4(a,b) demonstrate a depth dependence of the critical pressure,
pc (Fig. 5.4(c)). These data are plotted as a function of residual force as obtained
from insertion experiments in Figure 5.4(c). Although significant depths ( ddc ∼ 3)
were necessary to achieve residual forces suﬃcient to aﬀect pc , the approximate 20%
shift is substantial relative to the often subtle diﬀerences measured by CR. [44, 96]
The findings of this work oﬀer strategies for minimizing this eﬀect: 1) to minimize
friction on the needle, for example by lubrication, surface treatment, or fabrication
from low-friction material; 2) to avoid excessive insertion post puncture; and 3) to
withdraw the needle to the point of zero load before cavitation by incorporating force
feedback into the CR setup.
The influence of the residual force on the critical pressure is also interesting because increased residual force with depth is assumed to be the result of increased shear
force due to additional area of contact between the needle and gel. Deformation in
the material in contact with the side of the needle has not been considered in analysis
of Cavitation Rheology to date. In fact, where eﬀort has been made to understand
the specific role of the geometry of an embedded needle on Cavitation Rheology, the
test material is assumed to be fixed at the interface with the side of the needle. [47]
These results suggest that perhaps the material at this interface, and its strain state
prior to cavitation, influence the critical pressure observed.
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5.4

Conclusions

The forces on needles embedded in model soft materials were quantified and analyzed for both insertion and withdrawal. Mechanical models were developed which
accurately relate these forces to the geometry of the needle and the mechanical properties of the material. Specifically, the force on the needle was approximated by the
superposition of contributions from shear stress in the gel along the sides of the needle and compressive stress due to indentation of the gel below the needle tip. Using
this model, the shear moduli of model soft materials were able to be extracted from
force data collected from insertion experiments with good agreement to independent
measurements by shear rheology.
Halting insertion of an embedded needle was found to result in decay of the load
on the needle to a fixed non-zero value dependent on the depth of insertion. This
force decay was found to be too large in magnitude and too rapid to be described
by stress relaxation in the material. Instead, a force imbalance resulting from the
velocity dependence of the maximum shear stress at the needle interface was found
to be responsible for the release of force by sliding motion of the soft material along
the stationary needle. Solving for the position of the gel surface at this interface as
a function of time yielded an exponential decay similar to that observed. The final
position of the surface predicted by this decay, when inserted into our equations for
the force on an embedded needle, captured the linear relationship between the final
force and the depth of insertion.
Last, the eﬀect of the residual force on a stationary embedded needle on mechanical measurements made by Cavitation Rheology was investigated, indicating an
approximate 20% increase in critical pressure corresponding to a roughly three-fold
increase in depth. This shift represents a significant diﬀerence relative to the required
sensitivity of CR and suggests that monitoring the force on the needle prior to measurement is critical to accuracy. This is particularly important where depth or force
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of insertion may not be precisely controlled, such as in the case of manual manipulation of the needle by a physician in a clinical setting. Considering this, residual
force can be minimized by reducing friction on the needle, avoiding excessive insertion
post puncture, and withdrawing the needle to the point of zero load before cavitation
where possible.
Understanding the forces on embedded needles in terms of deformation in the
surrounding material has important implications for precise percutaneous clinical
procedures such as robotic needle insertions. For example, the simplest way to estimate the depth of insertion is the distance traveled after the point of contact with the
skin. However, this is a poor indication of the actual location of the needle tip with
respect to the deformed material. As reported here, the deflection in the material
surrounding the embedded needle is primarily determined by friction and is therefore
rate-dependent, further complicating analysis. The findings of this chapter provide
initial groundwork for utilizing haptic feedback to gain a better understanding of
needle placement.
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CHAPTER 6
SUMMARY AND OUTLOOK

This work focused on understanding and utilizing large, local deformations and
the resulting failures of soft solids for characterization of the mechanical properties of
otherwise inaccessible or nonmanipulable materials. Cavitation Rheology, a recentlydeveloped technique where local material failure is imposed and monitored at the
tip of a pressurized needle was used to make in vivo biomechanical measurements.
This inspired detailed characterization of the mechanics of inserting a needle into a
soft material. The resulting analysis not only contributes to the fundamental understanding of soft material failure, but also oﬀers a simple and precise method for
making mechanical measurements of soft materials by monitoring the forces on a
needle during insertion and withdrawal.

6.1
6.1.1

Biomechanical Measurement
Contributions

Biomechanical measurements by Cavitation Reology focused on two assays involving aﬄicted and normal animal skin: 1) radiation-induced fibrosis measured in
the skin of live mice, and 2) healed incisional wounds measured in the skin of rats
post-mortem. These two studies represent important milestones towards the clinical
use of CR. First, in vivo measurements in the skin of radiation-treated mice represent
the first use of CR in living tissue. Second, measurement of healed incisional wounds
relative to unwounded skin demonstrates the ability of CR to quantify diﬀerences
in the mechanical properties of aﬄicted tissues. Further, the error associated with
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CR measurements of skin biomechanics proved to be significantly less than other reported in vivo and ex vivo techniques. The ability of CR to make local biomechanical
measurement with minimal damage and superior precision to comparable techniques
bodes well for its use as a clinical diagnostic technique.
6.1.2

Outlooks

This work propounds CR as a viable clinical tool, setting the stage for further
studies of aﬄicted tissue in live subjects. Following the protocol outlined here, it
is possible not only to identify aﬄicted tissue from control, but also to track the
progression of the condition while administering treatment. CR measurement can
even be made simultaneously to treatment, if the therapy involves injection of serum.
Where critical pressures were used here as indicators of the mechanical integrity of
the skin, future studies in living tissue will aim to relate these pressures to specific
mechanical properties such as modulus or fracture energy. This eﬀort requires analysis
of the influence of needle tip geometry on the failure behavior measured by CR, as
beveled-tip needles are necessary for accessing tissues through the skin with minimal
damage, and CR theory has been limited to blunt-tipped needles to date.

6.2

Needle Insertion Mechanics

Puncture experiments were conducted in model soft materials across a range of
material moduli, fracture energies, and indenter shapes and sizes. Experiments consisted of monitoring the force on high-aspect-ratio indenters inserted and withdrawn
from model soft materials. Four phases were identified and analyzed in the force
landscape: I) Loading, II) Embedding, III) Shearing, and IV) Pullout.
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6.2.1
6.2.1.1

Puncture Failure
Contributions

Puncture failure in soft solids is preceded by deep indentation with the force on
the needle scaling with the square of the depth and the modulus of the material.
This behavior is well described by defining the strain as approximately the ratio of
the depth to the cross-sectional radius of the indenter and assigning a neo-Hookean
constitutive relation. Modulus measurements can be made from the loading curve
with increased sensitivity and simplicity relative to small-strain contact mechanics.
The point of puncture is found to be determined by fracture nucleation within a
fracture process zone (FPZ) under the indenter. The size of the FPZ is determined
by the shape and size of the indenter, allowing for observation of two distinct failure
regimes: stress-limited failure in large indenters, and energy-limited failure in small
indenters. The ability to probe each of these regimes independently allows for measurement of the maximum cohesive stress or fracture nucleation energy of a soft solid
simply by measuring the puncture load.
6.2.1.2

Outlooks

The puncture experiments and corresponding analysis of this work were limited to
the case where the dimensions of the punctured material were much larger than those
of the indenter. Future work investigating the role of dimensional confinement on
the deformation and failure resulting from deep indentation are critical steps towards
complete understanding of the these phenomenon and potential use of puncture as a
characterization technique.
The energy-limited failure regime reported here is characterized by increasing critical stress for puncture with decreasing indenter radius, with observed values exceeding
the modulus by three orders of magnitude. This counter-intuitive result predicts a
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divergence in the failure stress for very small indenters. Future studies extending to
smaller indenters should reveal interesting failure behavior.
Puncture failure measured in this work corresponds to unstable propagation of a
crack under the indenter, and as such, involves release of stored energy. The analysis of this work assumes zero compliance for all components of the test setup, and
therefore, that all of the energy for failure is stored as strain energy in the deformed
material. Future work investigating the role of system compliance on failure is necessary, especially within the context of small-scale punctures at small forces, which
require more compliant sensors for suﬃcient signal.
6.2.2
6.2.2.1

Forces on Embedded Needles
Contributions

Forces on needles embedded in soft materials were approximated by a superposition of contributions from shear stress in the material along the sides of the needle
and compressive stress due to indentation of the material below the needle tip. Using
this model, the shear moduli of model soft materials were able to be extracted from
force data collected from insertion experiments with good agreement to independent
measurements by shear rheology.
The load on an embedded needle held in place following insertion was found to
decay over time to a fixed non-zero value dependent on the depth of insertion. This
force decay was found to be due to sliding motion of the soft material along the
stationary needle. This sliding was able to be successfully approximated by the model
developed for steady-state insertion and withdrawal when the velocity dependence of
the frictional force was taken into account. The final position of the surface predicted
by this analysis captured the linear relationship between the final force and the depth
of insertion observed experimentally. Residual force on embedded needles was shown
to be capable of producing an approximate 20% increase in critical pressure measured
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by Cavitation Rheology, suggesting that monitoring the force on the needle prior to
measurement is critical to accuracy.
6.2.2.2

Outlooks

Understanding the forces on embedded needles in terms of deformation in the
surrounding material has important implications for precise percutaneous clinical
procedures such as robotic needle insertions, design of tissue phantoms, and surgical simulations. In order to fully inform such applications, needle interactions with
hierarchical structures similar to those presented by tissues and organs must be studied. Future insertion experiments in layered and dimensionally confined materials can
begin to develpop this understanding.
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